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Abstract 
This study investigates the numerical modeling of failure mechanisms in reinforced concrete (RC) beams using the 
phase-field method, emphasizing its capability to simulate complex fracture behaviors under various loading 
conditions. The model incorporates a fourth-order degradation tensor to account for tensile, shear, and tensile-shear 
crack initiation and propagation. Six beam configurations from Marzec and Tejchman's experiments were modeled, 
varying dimensions, reinforcement ratios, and spans. The numerical results, obtained through finite element analyses, 
were compared with experimental data, revealing the model's accuracy in capturing crack patterns, failure 
mechanisms, and load-displacement responses. Key findings include the transition of failure modes from flexural to 
shear-dominated as beam slenderness decreases, consistent with experimental observations. Despite some 
discrepancies in peak load predictions, the phase-field model showed its potential for robust analysis of RC beam 
behavior, offering insights into fracture evolution and structural performance. 
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1 INTRODUCTION 

Reinforced concrete (RC) beams are fundamental structural elements in modern construction, widely employed due to their 
cost-efficiency, ease of fabrication, and impressive compressive strength. The combination of brittle concrete and ductile steel 
reinforcement results in a composite material capable of withstanding both compressive and tensile loads, leveraging the 
strengths of each constituent material (Park and Paulay, 1991, Syal and Goel 2008, Guo 2014). Despite these advantages, the 
complex interplay between materials and the nonlinear fracture behavior of concrete pose significant challenges in accurately 
predicting the different failure mechanisms of RC beams under various loading conditions. 

According to Zhu et al. (2007), and Xu et al. (2019) and Naderpour et al. (2021), there are three primary modes of 
failure in RC beams due to tensile and shear stresses: (i) flexural failure, where the beam's degradation is driven by 
bending after the yielding of longitudinal reinforcements (predominantly tensile stresses); (ii) shear failure where the 
beam's degradation is governed by shear stresses before the yielding of longitudinal reinforcements and (iii) flexural-
shear failure, which results from a combination of tensile and shear stresses, where failure occurs after the yielding of 
longitudinal reinforcements but is primarily influenced by shear forces. Furthermore, Bažant and Planas (2019) highlight 
that variation in beam length or reinforcement ratio significantly affects the observed failure modes in RC beams. For 
instance, beams with shorter length, in general, primarily exhibited flexural-shear failure. Shear stresses play a dominant 
role in crack propagation, identified by the appearance of pronounced diagonal cracks surpassing vertical ones. For the 
other side, beams with the greatest slenderness, the flexural failure mode is predominant, in which vertical cracks along 
the beam's length are observed as indicated by others authors (Walraven and Lehwalter 1994, Belgin and Şener, 2008). 

Due to the complex failure mechanism of RC beams (and other composite materials), numerical simulations have 
become indispensable tools for understanding their behavior, offering a cost-effective alternative to experimental 
testing. Finite element analysis (FEA) is a cornerstone of numerical modeling, allowing for detailed simulation of material 
behavior and structural response. In this context, continuous and discrete models have been proposed, with their 
advantages and limitations. Based either on the embedded discontinuity approach or on the mesh fragmentation 
technique, the works proposed by Oliver et al. (2008), Manzoli et al. (2014) and dos Santos et al. (2025) are examples of 
continuous models capable of efficiently representing the complex process of initiation and propagation of multiple 
fractures in RC beams subjected to bending, reproducing complex failure modes that are largely dependent on important 
factors, such as the slenderness of the beams and the longitudinal and transversal reinforcement ratios. On the other 
hand, the lattice particle model developed by Alnaggar et al. (2019) is an example of efficient discrete approach to 
simulate failure phenomena in RC beams. 

Formulated within the framework of the continuum approach, the phase-field method, in particular, has gained 
prominence for its ability to model fractures as diffuse zones within the material, eliminating the need for explicit crack 
tracking and enabling automatic representation of complex crack patterns. Rooted in Griffith's energy theory, this 
method balances elastic strain energy and crack surface energy (Molnár, G. and Gravouil 2017, Wu 2018, Feng and Wu 
2018, Wu et al. 2020, Ahmed et al. 2023), making it well-suited for studying the failure of RC beams under bending, shear, 
and combined loading conditions. The method has been effectively applied to modeling the crack propagation in 
conventional concrete (Feng and Wu 2018, Wang et al. 2021, Lateef et al. 2022, Ahmed et al. 2023), ultra-high and high 
performance concrete (Zhao et al. 2022, Schröder et al. 2022), asphaltic concrete (Ahmed and Khan 2022) and composite 
materials, such as reinforced concrete (Ding et al. 2024), reinforced ultra‐high performance concrete at low cycle fatigue 
(Pise et al. 2023) and fiber-reinforced concrete (Espadas-Escalante et al. 2019, Sadighi et al. 2023). 

In this work, a comprehensive study on the numerical modeling of RC beams is presented where a phase-field model 
is applied to simulate the complex flexural-shear failure mechanism. A fourth-order degradation tensor based phase field 
model developed in (Petrini et al. 2021, Petrini et al. 2023, Petrini et al. 2023) is used to account for the tensile, shear or 
tensile-shear cracks initiation and propagation in the concrete. For the sake of simplicity, a linear elastic behavior is 
assumed for the concrete in compression. Furthermore, a perfect bond is adopted to represent the interaction between 
the steel bars and the concrete. The six beam configurations experimentally tested by Marzec and Tejchman (2022) were 
simulated, varying the dimensions, reinforcement ratios, and spans. The numerical results are compared with 
experimental data, highlighting the accuracy and versatility of the proposed model in capturing crack patterns, failure 
mechanisms, and structural responses of RC beams under flexural loading conditions. 

2 BRIEF DESCRIPTION OF THE PHASE-FIELD FORMULATION 

This study employs a phase-field model for brittle fracture under small strain assumptions and isothermal conditions. The 
governing differential equations are given as follows (Petrini et al. 2021, Petrini et al. 2023, Petrini et al. 2023): 
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where 𝜌𝜌 is the material density, 𝒖𝒖 and 𝒖𝒖
¨

 are the displacement and acceleration vector fields, respectively, 𝑻𝑻 is the 

stress tensor field, 𝒇𝒇 is the body force vector field, 𝑬𝑬 is the strain tensor field,𝔾𝔾 is the fourth-order degradation tensor, 

𝑫𝑫 is the symmetric velocity gradient, 𝑏𝑏
^
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 are positive constants. 
The constitutive energy relations are defined as 
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where Ԑ and ℐ represent the elastic energy and the surface fracture energy, respectively. ℂ0
 is the virgin fourth-order 

elasticity tensor. Material-specific parameters include the characteristic fracture length (𝑙𝑙) and the Griffith’s surface 
energy (𝑔𝑔𝑐𝑐). 𝕀𝕀𝑠𝑠 is the symmetric fourth-order identity tensor given by 

(𝕀𝕀𝑠𝑠)𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = �𝛿𝛿𝑖𝑖𝑖𝑖𝛿𝛿𝑗𝑗𝑗𝑗 + 𝛿𝛿𝑖𝑖𝑖𝑖𝛿𝛿𝑗𝑗𝑗𝑗�.  (3) 

The problem is split into two coupled subproblems: one for the displacement field and another one for the 
degradation field. Weak forms are developed for each subproblem and approximated using linear finite elements. The 
finite element operators, for the displacement field subproblem are 

𝑴𝑴𝑢𝑢
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which are assembled globally to yield the following approximate equation: 

𝑴𝑴𝑢𝑢𝒖𝒖
¨
^

+𝑲𝑲𝑣𝑣𝒖𝒖
˙
^

+𝑲𝑲𝑢𝑢𝒖𝒖
^

= 𝒘𝒘𝑎𝑎.  (5) 

Time integration is performed using the Newmark's implicit method, where the effective stiffness matrix at time 
𝑡𝑡𝑛𝑛+1 is given by 
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Similarly, the finite element operators for the degradation field subproblem are 
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resulting in the global equation 
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Parameter 𝜅𝜅 is a bulk energy scaling factor to speed-up the fracture propagation. 
For time-stepping, the backward Euler method is used, leading to 

��1 + 𝐹𝐹
^
∆𝑡𝑡 𝑔𝑔𝑐𝑐

𝑙𝑙
𝑘𝑘�𝑴𝑴𝑔𝑔 + 𝐹𝐹

^
∆𝑡𝑡𝑸𝑸𝑔𝑔 + 𝐹𝐹

^
∆𝑡𝑡𝑔𝑔𝑐𝑐𝑙𝑙𝑲𝑲𝑔𝑔� �𝔾𝔾

˙
^

𝑛𝑛+1� = 𝑴𝑴𝑔𝑔 �𝔾𝔾
^
𝑛𝑛� + ∆𝑡𝑡𝒘𝒘𝑏𝑏 ,  (9) 

in which 𝔾𝔾
˙
^

𝑛𝑛+1 is defined by 

𝔾𝔾
˙
^

𝑛𝑛+1 = 1
∆𝑡𝑡
�𝔾𝔾

^
𝑛𝑛+1 − 𝔾𝔾

^
𝑛𝑛�.  (10) 

Finally, degradation irreversibility is guaranteed by solving the eigenvalue problem for the degraded elasticity tensor 

ℂ = 𝔾𝔾 ∶ ℂ0 ∶ 𝔾𝔾. Using the geometric average of eigenvalues, = �∏ 𝜆𝜆𝑖𝑖𝑘𝑘
𝑖𝑖=1

𝑘𝑘
, which 𝑘𝑘 is of the same order of ℂ, the 

scalar damage variable 𝜁𝜁𝑟𝑟 = 𝜁𝜁(𝑛𝑛)/𝜁𝜁(0) is monitored, with degradation constrained to 𝜁𝜁𝑟𝑟
˙
≤ 0. 

It is important to mention that only the most relevant equations of the formulation are presented and further details 
can be found in Petrini et al. (2021) and Petrini et al. (2023). 

3 RESULTS 

The six beams experimentally tested by Marzec and Tejchman (2022) are numerically simulated, using the phase-
field model presented previously. In the experiments, two series called series ‘3’ and series ‘4’ were considered either 
scaled along beam’s height or length. In the case of beam series '3', the shear span was varied (i.e., α = 0.54, 1.08 and 
2.16 m), keeping the effective depth and thickness constants (𝐷𝐷 = 0.36𝑚𝑚 and 𝑡𝑡 = 0.25𝑚𝑚) and resulting in the shear 
span parameters, i.e., 𝑛𝑛𝑎𝑎 = 𝑎𝑎/𝐷𝐷, 1.5, 3.0and 6.0, as illustrated in Figure 1. The same longitudinal and shear steel 
reinforcement ratios of 𝑝𝑝𝑙𝑙 = 4.3% and 𝑝𝑝𝑠𝑠 = 4.0% were used for all the beams of series ‘3’. For beams of series ‘4’, the 
shear span is kept constant, 𝑎𝑎 = 1.08𝑚𝑚, varying effective depth 𝐷𝐷 = 0.220,0.430,0.720, resulting in approximate 
values of the shear span parameter of 𝑛𝑛𝑎𝑎 = 1.5,2.5,5.0 , as shown in Figure 2. The respectively longitudinal 
reinforcement ratios of 𝑝𝑝𝑙𝑙 = 3.5% , 𝑝𝑝𝑙𝑙 = 3.5%  and 𝑝𝑝𝑙𝑙 = 4.3  were assumed, maintaining the same shear 
reinforcement ratio of 𝑝𝑝𝑠𝑠 = 4.3%  for the stirrups. As highlighted by the authors of the experiment (Marzec and 
Tejchman 2022), all beams were over-reinforced to avoid steel yield failure. For the sake of simplicity, the six simulated 
beams are labeled as S31, S32 and S33 for the series ‘3’ and S41, S42 and S43 for the series ‘4’, respectively. 

 
Figure 1 Geometry of the reinforced concrete beams of series ‘3’ with shear span parameters of: (a) na = 1.5 , na = 3.0 and na = 6.0. 
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Figure 2 Geometry of the reinforced concrete beams of series ‘4’ with shear span parameters and corresponding cross-sections of: 

(a and d) na = 1.5 , (b and e) na = 2.5, (c and f) na = 5.0, 

Four-node quadrilateral finite elements were used to discretize the beams (concrete and reinforcement domains), 
as illustrated in Figure 3. The total number of finite elements for each beam are as follows: 𝑆𝑆31 = 305,829; 𝑆𝑆32 =
338,802; 𝑆𝑆33 = 450,783; 𝑆𝑆41 = 314,955; 𝑆𝑆42 = 342,314 and 𝑆𝑆43 = 440,449. The mesh refinement for the 
different beams was selected to ensure a uniform size of the finite elements in all cases. Thus, the element size was 
determined based on the first analyses, where the results indicated that the level of mesh refinement was sufficient to 
achieve a good convergence of the qualitative and quantitative responses. 

 
Figure 3 FE mesh adopted for the beam S42: (a) illustration of discretization/geometry and (b) zoom showing mesh details. 
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The elastic and phase-field parameters assumed for the concrete are Young's modulus of 34.0𝐺𝐺𝐺𝐺𝐺𝐺, Poisson's ratio 
of 0.2, material density of 2400𝑘𝑘𝑘𝑘/𝑚𝑚3, Griffith energy of 100𝐽𝐽/𝑚𝑚2and 𝑘𝑘 = 0.00003 and characteristic fracture 
length of 1.0𝑥𝑥10−6. It is important to mention that the k and Griffith parameters are calibrated through reverse analysis 
to obtain the same tensile strengths of concrete, as obtained experimentally by Marzec and Tejchman (2022). For the 
steel reinforcements the same phase-field approach enhanced with a fourth-order degradation tensor was used. The 
properties are: Young's modulus of 210.0𝐺𝐺𝐺𝐺𝐺𝐺 , Poisson's ratio of 0.24 and material density of 7300𝑘𝑘𝑘𝑘/𝑚𝑚3 . The 
Griffith energy of 2000𝐽𝐽/𝑚𝑚2 and 𝑘𝑘 = 0.008 were obtained also from axial tensile tests for a single sample to obtain 
the yield stress of 580MPa, as given by Marzec and Tejchman (2022). It is important to note that the beams were over-
reinforced by the authors of the experiments to prevent failure due to steel yielding. 

For the developed 2D numerical analyses, a plane stress state is assumed and incremental displacement is applied 
with a rate of 𝒖𝒖 = 0.0001𝑚𝑚/𝑠𝑠 per time step. 

Figure 4 illustrates the distribution of the scalar damage variable ζ for the beams of series ‘3'. It is possible to observe 
the transition from diagonal shear cracks to tensile cracks due to bending. For the shortest beam, flexural cracks in the 
tensile region of the beam can be observed. However, failure occurs due to the coalescence of diagonal shear fractures, 
as illustrated in Figure 4(a). In the case of the intermediate beam, both tensile failures due to bending and shear fracture 
are equally predominant (see Figure 4(b)). For the slender beam, tensile cracks are predominant, leading to the failure 
of the structural element, as shown in Figure 4(c). In Figure 5, the reaction force versus the imposed displacement is 
plotted and compared against the experimental results obtained by Marzec and Tejchman (2022). In general, the 
numerical curves reproduced the experimental responses well. For the shortest beam, the peak load overestimated the 
experimental result, indicating that neglected compression failure in this work may be important, since the concrete 
behavior under compression is assumed to be linear-elastic. In the case of beam S33, failure occurred abruptly at an 
applied load of approximately 586.0 kN which corresponds to the imposed displacement of about 40.4 mm for the peak 
load. Due to the sudden nature of the failure, it was not possible to capture the post-peak response for this specimen. 

 
Figure 4 Damage fields for the reinforced beams of series ‘3’: (a) S31, (b) S32 and (c) S33. 

 
Figure 5 Reaction force against imposed displacement curves for beams of series ‘3’. 
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Figure 6 presents the historical evolution of the crack pattern for different steps for the intermediate beam S32. In the 
initial loading stage, only tensile cracks due to bending can be observed (see Figure 6(a)). As illustrated in Figure 6(b, c and d), 
for the steps 100, 150 and 175, these cracks continue to propagate with the progressive increase in loading, and the formation 
of tensile and diagonal shear cracks patterns, resulting in the beam's failure (see Figure 6(e)). In Figure 7, the reaction force is 
plotted against the imposed displacement, where the 50th, 100th, 150th, 175th and 200th load steps are indicated, presenting a 
correspondence with the qualitative results of Figure 6(a-e). 

 
Figure 6 Damage fields for the beam S32 of series ‘3’ for different loading steps: (a) 50, (b) 100, (c) 150, (d) 175 and (e) 200. 

 
Figure 7 Reaction force against imposed displacement curve for beam S32 of series ‘3’, indicating the 50th, 100th, 150th, 175th and 

200th load steps. 
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On the other hand, the simulated beams of the series '4' present an opposite transition to the series '3' beams, i.e., 
predominant tensile cracks to dominated diagonal shear cracks patterns are observed as the effective height of the beam 
increases, as illustrated in Figure 8. For beam S41, tensile cracks due to bending are predominant and lead to its failure 
(see Figure 8(a)). In the case of the intermediate beam S42, both tensile and shear cracks are important, contributing 
equally to beam failure (see Figure 8(b)). As presented in Figure 8(c) for the less slender beam S43, diagonal shear cracks 
are dominant and produce the collapse of the reinforced beam. 

 
Figure 8 Damage fields for the reinforced beams of series ‘4’: (a) S41, (b) S42 and (c) S43. 

In Figure 9, the numerical curves of reaction force versus imposed displacement obtained are compared with the 
experimental responses, showing good agreement, except for beam S43, which again overestimated the experimental peak load. 
The evolution of the damage field for some loading steps obtained for beam S42 is shown in Figure 10, where the process of 
initiation, propagation and coalescence of fractures can be observed throughout the analysis. The corresponding reaction force 
versus imposed displacement for these steps are indicated in the numerical curve plotted in Figure 11. 

 
Figure 9 Reaction force against imposed displacement curves for beams of series ‘4’. 
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Figure 10 Damage fields for the beam S42 of series ‘4’ for different loading steps: (a) 50, (b) 100, (c) 150, (d) 175 and (e) 200. 

 
Figure 11 Reaction force against imposed displacement curve for beam S42 of series ‘4’, indicating the 50th, 100th, 150th, 175th and 

200th load steps. 
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4 CONCLUSIONS 

This study highlighted the applicability and accuracy of a phase-field approach in modeling the complex failure 
mechanisms of reinforced concrete (RC) beams. By using a fourth-order degradation tensor, the approach effectively 
captured the initiation and propagation of tensile, shear, and combined tensile-shear cracks, providing a nuanced 
understanding of the fracture behavior under diverse loading conditions. 

The results demonstrated that the model reliably reproduces experimental observations, including the progression 
of crack patterns, structural responses, and failure modes. Specifically, the numerical simulations captured the transition 
from flexural failure in slender beams to shear-dominated failure in shorter beams, aligning well with established 
experimental trends. The simulation outcomes also illustrated how variations in the beam geometry, such as span-to-
depth ratios and reinforcement configurations, significantly influence crack evolution and structural failure. 

While the phase-field method showed good agreement with experimental data, some discrepancies were also 
observed, particularly in the peak load predictions for beams dominated by shear failure. The deviations suggest that the 
model could benefit from further refinements to account for concrete’s behavior under compressive stresses, which is 
currently modeled as linear-elastic in this study. Addressing this limitation may improve the accuracy of the load-bearing 
capacity predictions, especially for shear-dominated configurations. 

Overall, the phase-field method showed to be a robust and versatile tool for investigating RC beam behavior, 
offering a detailed insight into structural performance and failure mechanisms. This approach not only provides a cost-
effective alternative to experimental testing but also paves the way for more advanced modeling of complex fracture 
processes in reinforced concrete structures. Future research could explore enhancements to the material model, 
including the integration of nonlinear compressive behavior, to further extend the method’s applicability to broader 
structural scenarios. 
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