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Abstract

Materials subjected to moderate/large strains that exhibit similar tension and compression trends on the
stress-strain diagram have several applications. Inspired by this aspect of this diagram, we have found
appropriate to incorporate a same tension and compression trend on the strain-stretching curve of these
materials. Because previous literature lacks strain measures with this property, this study intends to obtain
this using a strain tensor belonging to a recently introduced strain measure family, the Generalized Hyperbolic
Sine (GHS) strain tensor, which has significantly improved the behavior of the Seth-Hill family toward
measures with better physical consistency. One uses the positional formulation of the finite element method
to obtain expressions for any Lagrangian work conjugate stress-strain pair. Thereafter, this pair is employed
in Hooke's law to obtain the constitutive equation. The derivatives of the strain tensors with respect to the
deformation gradient are written directly in the global directions and do not explicitly depend on the
derivatives of the right stretch tensor with respect to the deformation gradient. Finally, the aforementioned
model is used to perform 3D simulations of compressible bodies, including a comparison with a typical result
of a polymer foam obtained from literature. The numerical results demonstrate excellent agreement with the
analytical results, showing that a reconciliation of the stress-strain diagram of a Hooke-like material with its
strain-stretching curve is numerically feasible.
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(og4, &) is a work-conjugate stress-strain pair.

List of main symbols Uppercase (lowercase) bold letters are second-order tensors (vectors).
Aiz stretching; U: right stretch tensor; [Uj], [U]: matrix representation of U; a;: eigenvectors of U; ¢: material parameter of
Itskov strain; x: material parameter of the exponential strain of Darijani and Naghdabadi (2013); &: arbitrary maximum
stretching limit; B: material parameter of GHS strain; »: real constant of the Seth-Hill family; ™E¥): GHS strain tensor;
BE(A): GHS-Biot strain tensor; F: deformation gradient; T, E: arbitrary Lagrangian work conjugate stress-strain pair; T: Cauchy
stress tensor; S: second Piola-Kirchhoff stress tensor; g, A: Lamé parameters; E:Young’s modulus; v: Poisson ratio;

&p.: volumetric strain.



List of abbreviations
GHS: generalized hyperbolic sine; NGHL: natural generalization of Hooke’s law; PFFEM: positional formulation of the finite
element method; AP: axial problem; EBP: equi-biaxial problem; SS-PStrain: simple shear in plane strain; SS-PStress: simple
shear in plane stress

1 INTRODUCTION

In the computational mechanics of isotropic hyperelastic bodies, different strain energy density functions
(depending on the principal stretches and/or the principal invariants of the right Cauchy-Green tensor) have been
proposed to better fit the experimental data, as can be seen in Dal et al. (2021) and references therein. Another approach
to model these materials is the use of different strain measures, as demonstrated in Doyle & Ericksen (1956), Seth (1964),
Curnier & Rakotomanana (1991), Itskov (2004), Curnier & Zysset (2006), Srinivasa (2012), Salamatova et al. (2018),
Darijani et al. (2010), Darijani & Naghdabadi (2013), Boujelben & Ibrahimbegovic (2017), Korobeynikov (2019), Greco &
Peixoto (2022), and Peixoto et al. (2024).

Once the strain measure is chosen, it can be used by means of the Natural Generalization of Hooke’s Law (NGHL)
proposed by Hill (1978). This constitutive equation is written by replacing the stress-strain pair of Hooke’s law with any
work conjugate stress-strain pair. The direct use of Hooke’s law for large strains, considering the Cauchy stress tensor as
a function of the displacement gradient tensor, does not lead to an objective constitutive equation, as demonstrated by
Fosdick & Serrin (1979). Thus, the study of new strain measures is of remarkable importance and is useful for the
modeling of polymers and biological tissues (see, e.g., Saucedo-Mora et al. (2021), Korobeynikov (2023), and Kang et
al. (2024)).

In addition to guaranteeing the existence of the strain energy density, as noted by Volokh (2004), NGHL has the
advantage of using constants (Young’s Modulus E and Poisson ratio v) that are easily known for most materials. One of
the most well-known stress-strain pairs used together with NGHL is the second Piola-Kirchhoff stress tensor and the
Green strain tensor (St. Venant-Kirchhoff model), although it has limitations in large strain regimes, as pointed out by
Sautter et al. (2022). Recent applications of NGHL include those of Korobeynikov (2019), Korobeynikov et al. (2022),
Greco & Peixoto (2022), Korobeynikov (2023), Korobeynikov & Larichkin (2023), and Peixoto et al. (2024).

In this context, this study applies a strain measure belonging to the Generalized Hyperbolic Sine (GHS) strain family,
recently introduced in Peixoto et al. (2024), to simulate 3D models. One of the main objectives is to include the same
behavior in tension and compression on the strain-stretching curve of a given material with an odd function on the stress-
strain diagram. This study considers a linear function in this diagram because it uses NGHL. Finally, the numerical results
were obtained using the aforementioned constitutive equation for the axial problem, equibiaxial problem, simple shear
under plane strain, and simple shear under plane stress.

Following Hill (1978), the general class of Lagrangian strain tensors is defined as (henceforth, the Einstein summation
is adopted, and all indices range from 1 to 3 unless stated otherwise)

G(U): g(/li)(af ®ai)' (1)
where 1; and a; are the eigenvalues (principal stretches) and the normalized eigenvectors of the right stretch tensor U,

respectively, and g: R — R is a scale function. Based on postulates on the form of the strain energy density, g should
satisfy some properties (Hill, 1978; Darijani et al., 2010), namely,

g)=0. g)=1. g(2)>0, limg(2)=—c0 and limg(2)=o0. 2)

Ao

In addition, a specific type of symmetry for g was presented by Truesdell & Toupin (1960), Fitzgerald (1980), and
Curnier & Rakotomanana (1991),

gli)=-g(2,). (3)

Two strain families that follow Equations (2) and (3) are
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where Equation (4) is the strain family introduced by ltskov (2004) and also mentioned by Darijani & Naghdabadi (2010);
Equation (5) is the one-parameter exponential strain family introduced by Darijani & Naghdabadi (2013). The Hencky
strain (In 4;) is obtained using Equation (4) as ¢ — 0. Figure 1 shows the plots of the Equations (4) and (5) for certain
values of pand «.
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Figure 1 — (a) Strain family of Itskov (2004) for some values of ¢. (b) One-parameter exponential family of Darijani & Naghda-
badi (2013) for some values of «.

Notably, a similar behavior in tension and compression tends to be observed only when ¢ and xincrease. Now, with
Equation (2) in mind, an issue arises if one wants to model a material that has the same behavior in tension and
compression for any value of the parameter, that is, one wants an odd function shifted by one unit to the right on the
strain-stretching curve. As the original definition of the odd function is —g(4;) = g(—A), the desired property is

g(z_/lf)z_g(li)‘ (6)

The Biot strain tensor U — I, where I is the second-order unit tensor, obeys Equation (6) but is not concerned with
Equation (2)4 at all. The point here is to establish a measure that follows Equation (6) and has some physical consistency
in the sense of the Equation (2). One points out that property of the Equation (3) does not lead to the desired symmetry
of behavior in tension and compression, and Equation (3) is replaced by Equation (6).

Evidently, Equations (4) and (5) do not follow Equation (6). In fact, Equations (2) and (6) are not completely
consistent; that is, given a function that obeys Equation (6), at the best chance, Equation (2)4 or (2)s will fall. For example,
one may introduce the tangent strain

g(ll.):ztan[z(ﬂi —1)}, Ai€10,2] (7)
Vs 2

which follows Equation (6). However, among the requirements stated in Equation (2), only Equation (2)s does not hold.
A related strain measure to Equation (7), namely, the hyperbolic tangent strain, was introduced by Peixoto &
Greco (2022). Figure 2a shows a graph of Equation (7).
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Figure 2 — (a) Tangent strain (Equation (7)). (b) Two curves of tangent strain family.
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Apart from Equation (6) for a while, Equation (7) can be improved to include an arbitrary maximum stretching limit
e>1,

g@):;m{ﬁ@_;Mtan{ﬁg_;ﬂ_m[ﬂ(é_%m. helo sl e>10 -

Figure 2b shows the two curves of Equation (8). As shown in Figure 2, it might be interesting to model a material
exhibiting a rapid increase in stress at high stretch values (strain-stiffening effect) using a strain measure that
incorporates this phenomenon. Experimental data have demonstrated this effect (Treloar, 1975; Arruda & Boyce, 1993),
which has played a central role in several studies (Horgan & Saccomandi (2006); Yuan et al. (2015); Cao et al. (2016);
Liang et al. (2020); Lateefi et al. (2022)). It should be noted that property of the Equation (2)s is not a general axiom
because rubber-like material behavior may not meet it.

Turning back to pursuing a candidate strain for Equation (6), bearing Equation (2) in mind, let us describe the GHS
strain family introduced by Peixoto et al. (2024),

“E® = B sinh(BE?), (BeR) (9)

where E"is, g priori, any given strain measure. Considering E(") as the Seth-Hill Lagrangian family (Seth, 1964; Hill, 1968),

U7 -1 #0
E» =17 ( ) 4 ) (yeR) (10)
InU y=0

we can set = 1.0 to obtain the GHS-Biot subfamily BE#),

BRB) — ﬂfl Sll’lh(ﬂ(U _ I))= i(eﬂ(Ul) _e*ﬂ(U*I)) . (12)

As indicated by Peixoto et al. (2024), the scale function of the GHS-Hencky subfamily (y=0) is equal to the Itskov
strain (Equation (4)). Following the notation of the Equation (1), the scale function of Equation (11) is

[eﬂ(zf—l) _ —ﬁ(z,-—l)]_

g4, e (12)

1
e

Figure 3 shows a plot of Equation (12) for certain values of £.



~
S
% ’ 0.0 1.0 1.5 2.0 2.5 3.0
2
4 Values of g
—3.0 3.5
6 40 —45
—50 —55
8 A

i

Figure 3 — GHS-Biot for some values of £.

From Figure 3, it can be concluded that similar behaviors in tension and compression are obtained for any value of
f. However, requirement of the Equation (2)s does not hold. Nevertheless, during project development, the strain range
that the materials can undergo is known. Therefore, by means of the parameter £, one can choose a material whose
strain-stretching curve does not intercept the vertical axis within that range.

That said, this study has the following main objectives:

— to implement the GHS family considering y € R using the Positional Formulation of the Finite Element Method
(PFFEM) and to perform 3D numerical simulations using the corresponding NGHL of the GHS-Biot strain tensor stated in
Equation (11). Even though we focused on the GHS-Biot strain, the numerical implementation is quite general as we
consider y € R.

—to discuss the results and applicability of the proposed strain measure (Equation (11)).

2 PFFEM FOR AN ARBITRARY STRESS-STRAIN PAIR

The PFFEM was conceived approximately 20 years ago and has been shown to be reliable and accurate, as can be
seen in Coda & Greco (2004) and Greco & Coda (2006). Its use with some classical hyperelastic models can be seen, e. g.,
in Santos et al. (2024). While the classical formulation of the FEM adopts linear nodal displacements as unknown
variables, the PFFEM uses nodal positions. In this study, 3D analyses were performed using an eight-node hexahedral
finite element with eight Gauss points. The usual mappings concerning a 3D computational implementation in the PFFEM
context can be found, for example, in Coda & Paccola (2007) and are shown in Figure 4, where ¢, 77, and {'represent the
fictitious space. Mappings y (reference configuration —> current configuration), % (fictitious space — current
configuration) and ¥ (fictitious space — reference configuration) are defined such that y =y ° 1 .

Finite element of the Finite element of the reference Finite element of the
reference configuration (or current) configuration in current configuration
in the real space. the fictitious space. in the real space.

Figure 4 — Mappings concerning to a 3D computational implementation.



According to Coda & Paccola (2007),

F=FF", (13)

where F, INT, and F are the gradients of y, %, and 7, respectively. The total potential energy I1 of a finite element is given
by

H:L)l//dﬁ—faxa, a=1,2,3,..,24 (14)

where wand ¥ are the strain energy density and initial volume, respectively, with respect to the reference configuration.
The term f, represents the force acting in the current nodal direction x,. The equilibrium equation for an arbitrary
Lagrangian work conjugate stress-strain pair (T, E) is obtained by differentiating Equation (14) with respect to x,,

art oy dy OF M O, a
—=0=| —d¥,—-f,=0= Ldvo—f,=0=>| T,, —Ld¥, - f,=0=>

ox, Lo o, Je J.»@ oE, ox, ' Je L, “oax, ! S

(In) aE )

= %(Z,uEM + A8, trE) axk( d¥ — f,=0. (15)

a

In step (I) we used the definition of hyperelasticity, Ti,=0w/0Ek, and in step (II) we applied the NGHL,
Tk, =2uEr,+ A S, trE, where y and A are the Lamé parameters, and J, is the Kronecker delta. Now, the expression
OEx,/0xq in Equation (15) is developed as
aEkf _ aEk[ oF, mn (l) aEké a(ﬁ mqf:z;l) (E) aE/f aﬁ mq ya-1

- - - Fn ’ (16)
ox, ©oF, ox, OF Ox F.oox, !

a mn a mn

where in (I) we used Equation (13) and in (II) we applied the result aﬁ;},/axa =0, as it can be noted from Figure 4. Next,
from Equation (15) we define

n)=[ CuE, + 26, wE)Z-

X

a

av,— 1., (17)

as components of the residual vector h(x). By differentiating Equation (17) with respect to x;, we obtain the indicial
notation of the Hessian Vh(xo),

2
6ha L] {[2'” aEk/ +15M(8E|1 + aEzz + 6E33JJ aEk/f VT 0 Ekp JdVO . b=1,2,3,..24 (18)

Ox, - Ox, ox, ©Ox, Ox, ))ox, " 0Ox,0x,

Now, let h(xo) and Vh(x¢) be the residual vector and Hessian of the model regarding only unknown degrees of
freedom (DOFs), respectively. Because the solution to the problem is the root of h(x), the Newton-Raphson scheme was
used. Thus, by linearizing h(x) around a known vector xo, we obtain



h(x, )+ Vh(x,)Ax =0 = Ax=-Vh(x,) 'h(x,), (19)

where Ax is the incremental position vector for only the unknown DOFs and 0 is the null vector. For a predefined
tolerance tol, the convergence of the Newton-Raphson procedure is verified by [|AX||/||x|| < to/, in which x = x¢ + Ax.
Expression 0?Ey,/Oxa0x), of Equation (18) takes the form

_azEkff = i{ OL,, Eﬁmq IF—IJQ 61?”“1 F i( OE,, ]: aﬁmq F 0 (aEké JaEw (i) aﬁmq 7 azEk/: S(ﬁwfr;)

oF, ox, | oax, "ox,\oF, ) ox, " OF, \ oF,, ) ox, o, " OF,0F, @ Oox,

ox,0x, Ox,

_oF, oF i O

mq -1 or

ox, " ox, " oF,0oF,’

mn

(20)

where, in (I), we used the result aZﬁmq/axaaxb =0. In step (II), Equation (13) is applied. Thus, from Equations (16) and
(20), it can be concluded that the PFFEM is completely determined if the derivatives OEx,/0F u, and 02Ex,/OF wnOF ,p of the

chosen strain tensor E are known. A nonexhaustive pseudocode of the program is shown in Figure 5a, where incr, nincr,
elem, and nelem represent the increment, number of increments, element, and number of elements, respectively. The
function compute_ElemHessIntForce(elem), which is responsible for calculating h(x;) and Vh(x;) for elem, is shown in Figure
5b, where GP and nGP represent the Gauss point and number of Gauss points, respectively.

START function compute_ElemHessIntForce(elem){
read input for each GP in nGP{
Jj=0 compute F,FandF
for each incr in nincr { compute EandT
do{ compute dF/dx
for each elem in nelem { compute dE/dF
function compute_ElemHessIntForce(elem) compute dE/dx
assemble h(xj) and Vh(xj) to model compute h(xj)
§ compute d*E/dF*
AX; = _Vh(xj)_lh(xj) compute d°E/dFdx
X =X; +AX; compute dE/dx’
morm = HAX.I'H/HXJ'HH compute Vh(xj)
j=i+l }
twhile (rnom > tol) b
H
END

(a) (b)

Figure 5 — (a) Pseudo-code of the program. (b) Pseudo-code of the function compute_ElemHessIntForce(elem).

3 DERIVATIVES OF THE GHS STRAIN TENSOR WITH RESPECT TO THE DEFORMATION GRADIENT

In the following, we present the indicial expressions of the first and second derivatives of E'# with respect to the
deformation gradient F on a basis formed by the unit vectors along the axes of the Cartesian coordinate system (global
directions), instead of on a basis formed by the eigenvectors of U and/or V, where V is the left stretch tensor. This avoids



changes in the basis of the fourth- and sixth-order tensors in the code. The expressions 0 "E#)//0F and 62 "E#)/0F?
developed here do not make explicit use of OU/JF (see Wheeler & Casey (2011)), and consequently neither of 0°U/0F?2.

Furthermore, one also shows how the Cauchy stress tensor T was calculated from the work conjugate stress tensor
of BSE(A), Lastly, all functions of second-order tensors are computationally performed according to Mal & Singh (1991),
i.e., [G(U)] = [uQ] [G(uA)] [uQ]T, where [uQ)] is the orthogonal matrix whose columns are the normalized eigenvectors
(@) of U, and [G(uA)] = diaglg(41), g(42), g(s)]-

3.1 GHS’s derivatives for y#0
Substituting Equation (10); in Equation (9) one has

s () :%sinh[é(Uy —l)]. (e R and y e RY) (21)

Because yis quite general, the determination of 0 g 10F . may be laborious. However, one can use the logarithm

properties, that is, U7 = e" U = ¢7"U_Thus, Equation (21) becomes

bR (A) _ %sinh['g (Y — I)] _ j((ef(y‘“”-l)) B (e_g(e“nu_l))) . (22)

e
The indicial notation of Equation (22) reads

B, yinU B, yinu
. 1 L) LUy
“E :ﬁ((ey )k(z —(e g )kf)‘ (23)

Now, by defining Z = e*X (a € R), we can easily obtain

oz o
a}(_M:a5/n(e X)km . (24)

Next, using the chain rule, we derive Equation (23) with respect to F,,, to obtain

ﬁ(eran,l) 7£(eyanil)
0"E) _ 1 @(ey )u o(e™ 1), a(an)w_ﬁ(ey )ke 8" ~1),, (InU),, |
oF 28| 8™ -1), o(nU), OF o™ -1), o(nU),,  oF

mn mn mn

st

M By, Bty
:Lyd\/(erlnl}) m{ﬁé(t (67 )kS +£5(’t (e ! )kSJ -
4 4

2ﬂ B aF'mn
hsy(B)
= a Ekl,’ =Usyu a(an)u(/ COSh E(U7 —I) , (25)
aEnn aEnn 7/ ks

where in (I) we used Equation (24). Furthermore, by differentiating Equation (25) with respect to F, using the product
rule, we obtain

2 hsy(f) yInU 2
a EA/ _ a(@ ):u a(ln U)M COSh E(U}/ —I) _'_U;/u a (ll’l U)u/, COSh E(UV —I) +
oF,0F,  OF, y . " OF,0F y ;

op mn mn=~" op
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a(nU), OF oF ¥ } F, oF, ¥ }
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Bermv_y Bermu_y
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mn~" op op mn
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where in (I), the chain rule is used, and Equation (24) is applied in (II). The indicial expressions of d(In U)/0F and
?(In U)/OF? in Equations (25) and (26) written directly in the global direction have not been found in the literature;
therefore, they are given in Appendix A.

Now, let BT be the work conjugate stress tensor of E). Further, let’E = f{4) (a; ® a;) and °E = g(4) (a; ® a;) be
arbitrary Lagrangian strain tensors and let/T :fZ_}j (0 ® 0y) and ‘T :gl_}j (0 ® ;) be their work conjugate stress tensors,
respectively. The over bar (") indicates the stress components of the corresponding stress tensor written in the {a;} basis.
For non-coalescent principal stretches, one gets by Farahani & Naghdabadi (2003)

780 i=1,2,3
ii ,/,L ii 9~
/ ( ') . (no sum over repeated indices) (27)
o g(/lr)_g(/ll) gf. i#j
Tora)-r)

Setting in Equation (27) f(A) = (4] — 1)/2, which is the Green strain, and g(4;) = (1//) sinh[(B/7) (A] — 1)], which is
the scale function of the Equation (21), we obtain



S,=A" cosh{ﬁ (2 —1)} T i=1,2,3
y

sinh|:ﬂ (/17 _1)} ~ sinh|:ﬂ (/V _1)} , (no sum over repeated indices) (28)
’ b7 ()
ij

where S is the second Piola-Kirchhoff stress tensor. Thus, the Cauchy stress is found as follows. After calculating hs]_"f-f’

using the NGHL, we use Equation (28). Next, one employs [S;] = [yQ] [S;] [yQ]". Once S was obtained in the global
direction, T was computed using T = (det F)~* FSF".

Expressions regarding Equation (27) for the case of coalescent principal stretches were taken directly from Farahani
& Naghdabadi (2003) and are not given here.

3.2 GHS’s derivatives for y=0
Substituting Equation (10); in Equation (9) one has

b _ L _ s e _ L (18 s .
E —ﬂsmh(ﬂan) 2ﬂ(U U’) or MEY 2ﬂ(UM Ul). (BeR) (29)

Using the same logarithm properties applied in the previous item, Equation (29), becomes

mED = i((e‘““”)k/ —(ey,). (30)

Now, using the chain rule on Equation (30) one gets

O"E) _ L(a(eﬁ ")y 0InU),, _3(e™), o(InU), J(i’

oF, 2B\ a(nU), OF,, o(nU), OF,,
® 1 9(InU), FinU _pinu O"EL 10(nU), (5 4
=— (B s +B6, )= =— S\UL+UP).
28 oF, (,B . (e )i T8O, (e )ké) oF, 2 oF, ( k k ) (31)

where in (I) we used Equation (24). Differentiating Equation (31) with respect to F,,, we obtain

2 hsp(f) 2 SInU -fInU

aanaF;p 2 aF:nllaF;p a}7}7111 a(ln U)uv aF:;p 8(]‘n U)uv aF:;p
O*MEP 1 6*(InU _ o(nU), 6(InU _

- kK _ ( )sﬂ, (Ukﬁy +Uk5ﬁ )+ﬂ ( )s[ ( )us (Ulf, _Ukuﬁ) . (32)
oF,,oF,, 2\ oF,0F, oF, oF,,

Now, setting in Equation (27) f(A;) as the Green strain and g(4;) = (4 — 4”)/2/3, we obtain



e

ﬁ:T hsz_;i(ﬁ) i=1,23
pY. _ﬂjﬁ BTy , (no sum over repeated indices) (33)
o 4 1T s i# ]
y 2 2 y
ﬁ(ﬂﬁ _/11')

and, similar to the previous item, one computes T.

4 NUMERICAL APPLICATIONS

In the following, a nonlinear analysis is performed in examples 4.1, 4.2 and 4.4 (non-isochoric deformation) with a
fixed increment load Ag using the Newton-Raphson scheme. Only in example 4.3 (isochoric deformation) are all the
positions prescribed in each step. Finally, a comparison of the analytical and numerical results with the data from Zenkert
& Burman (2009) is presented in example 4.5. Stresses in the nodes are obtained by the weighted arithmetic mean using
the stresses of the Gauss points of finite elements having the corresponding node; the weight is the distance of each
Gauss point to that node.

In this work, the Lamé parameters 1 and A are obtained from £ and v by widely known expressions, for example,
on page 13 of Mal & Singh (1991). All examples adopted = 3.5 and considered GHS-Biot strain, as shown in Figure 6.

4

g(4)

2.5

-3 — curve for f=3.5 in GHS-Biot strain (11).

A

(]

Figure 6 — Material strain curve used in the numerical examples.

4.1 Axial Problem (AP)

Figure 7a shows the uniformly distributed axial loading ¢ of a prismatic solid with a square base (side: 1.0 m) and a
height of 0.125 m. The two-plane symmetry of the problem was considered for modeling purposes, resulting in the mesh
shown in Figure 7b. The following graphs are required for this problem: Th1/u x 41 at point A (indicated in Figure 7b) and
&y x A1, where &, = AF/ Vo is the volumetric strain of the model.

Nod Constraints
5 B C(?lofss (1 - restrained; 0 - free)
Ag =960 kN/m tol =10 g T 5 .
TF ,W T T TF ,W T & Black 1 1 1
o Red 1 0 1
g Green 0 0 1
E =800 MPa > Blue 0 1 1
v=04 < Gray 0 1 0
Yellow 1 0 0
— — — — Purple 1 1 0
1.0 m

(a) (b)

Figure 7 — (a) Axial problem data. (b) Mesh used (two-plane symmetry is applied).



According to Peixoto et al. (2024), the analytical formula of Ti1 for AP is

T, = %cosh[ﬁ(ﬂ1 —1)]sinh[3(4, —1)]{%arcsinh{—vsinh[ﬂ(ﬂ1 —1)]}+1 }2, (34)

where o= u[(34+ 24)]/(+ A). Further, the analytical volumetric strain for AP is

& =A{%arcsinh{—vsinh[ﬁ(ﬂ1 —1)]}+1}2 -1. (35)

Thus, Figure 8 and Figure 9 show the required curves.

25
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5
2
&: 0
500 2.0
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Figure 8 — Analytical and numerical 71, of point A of AP.
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Figure 9 — Analytical and numerical volumetric strain of AP.

Figure 8 and Figure 9 show that the numerical responses fit the analytical responses well. Regarding the volumetric
strain, in the compression regime (A1 < 1) the volume reduces as stretching approaches zero, whereas in the tension
regime there is an initial volume increase, followed by a volume decrease. After A3 =2.26, GHS-Biot exhibited a
continuous volume increase, from which the computational code was unable to obtain numerical results.

4.2 Equi-Biaxial Problem (EBP)

Figure 10a shows the equibiaxial loading g of a cubic solid on the 0.05 m side. The three-plane symmetry of the
problem was considered for modeling purposes, leading to a mesh with cubic finite elements on 6.25 x 1073 m side
(Figure 10b). The boundary conditions are shown in Figure 10c (external surfaces are not indicated). The following graphs
were used for this problem: 711/4 x A1 at point A (Figure 10a) and &, x As.



Ag = 10240 kN/m?

tol =107 q
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T y, - L colors
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(a) (b) (c)
Figure 10 — (a) Equi-biaxial problem data. (b) Mesh used. (c) Boundary conditions.
According to Peixoto et al. (2024), the analytical formula of T3; for EBP is
] 1 2 h
@ . . Vo
T;, =—— cosh[(4, —1)]sinh[8(4, —1)]{— a:rcsmh{—smh[ﬁ(ﬂ1 —1)]}+1} , (36)
Ap B vl
where @ =2u[(31+ 24)1/(2u+ A). Further, the analytical volumetric strain for EBP is
5] 1 . v .
&, = A, y—arcsinh —smh[ﬂ(ﬂ,1 —1)] +1:-1. (37)
B v—-1
Figure 11 and Figure 12 present the required curves.
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Figure 11 — Analytical and numerical 7', of point A for EBP in (a) tension regime and (b) compression regime.
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Figure 12 — Analytical and numerical volumetric strains for EBP.



According to Figure 11 and Figure 12, the numerical responses present a limitation in the compression regime, in

contrast to the tension regime. The analysis stopped at approximately A; =0.772.
The volumetric strain decreased as the stretching approached zero (Figure 12). In the tension regime, GHS-Biot

produced an initial increase in volume, followed by a continuous decrease.

4.3 Simple Shear in Plane Strain (SS-PStrain)

Figure 13a shows a prismatic solid with a base of 5m x 2 m and a 1.0 m height. One-plane symmetry was considered
for modeling purposes, resulting in the mesh shown in Figure 13b. The points in xz-plane at y = 0 were constrained in all
directions, and the remaining points were constrained only in y- and z-directions. The following graph is required for this
problem: T1,/u x v at point A (indicated in Figure 13b), which v is defined in Figure 13a. In this example, the volumetric
strain is zero because the SS-PStrain is an isochoric deformation.

R YA
00
"2 2
S g
-- > v
, ! x |
K E =800 MPa v E| & Lo =
/ v=04 r2 x A x
/ 9% o
I
| Sm | | 10 x 0.5 m |
I 1 I |
(a) (b)
Figure 13 — (a) Data of simple shear in plane strain (b) Mesh used.
Because the analytical deformation gradient of SS-PStrain is
1 6 0
[F]z 0 1 0f, (38)
0 0 1

we decided to manually update the x-coordinates of points out of the xz plane at y = 0 through analysis; thus, the
numerical deformation gradient is equal to Equation (38) at any point in the model. This example is a simple verification
and serves as the basis for the next one. The increment in x (Ax) in each step depends on the y-coordinate of the point,

as shown in Table 1.

Table 1 — Increments in x-direction in simple shear in plane strain.

y-coordinate of the point (m) Ax (m)
1.0 0.01
0.875 8.75x1073
0.75 7.5x1073
0.625 6.25x1073
0.5 5.0x1073
0.375 3.75x1073
0.25 2.5x1073
0.125 1.25x1073

According to Peixoto et al. (2024), the analytical formula of T3, for SS-PStrain is

1= A0 s o1 sinel2usin (s, -] 2[4 - sin (2, - ]+



1
2p4

cosh[ (2, —1)][cos v+ O(sin v —1)][{2uzsinh[ B(2, —1)]+ A{sinh[B(4, —1)]+sinh[B(4, —1)]}}, (39)

where v=arctg(#/2) and A1 = (1 + sin v)/cos v, A2 = (1 — sin v)/cos v. Figure 14 shows the requested curve.

15 — Analytical (GHS-Biot)

10 0 Numerical (GHS-Biot)

v (rad)
Figure 14 — Analytical and numerical 71, of point A for SS-PStrain.

From Figure 14, it can be concluded that the numerical responses fit excellently with the analytical responses, as
expected.

4.4 Simple Shear in Plane Stress (SS-PStress)

The SS-PStress data are the same as those in the previous example, except for the boundary conditions. Figure 15
presents further details. The nodes not indicated in were restrained only in the y-direction. The following graphs are
required for this problem: T12/u x vfor point Aand ¢, x v.
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72
Figure 15 — Boundary conditions in SS-PStress.
Because the analytical deformation gradient of SS-PStress is
1 6 0
[F]=|0 1 0], (40)
0 0 4

we decided to update the x-coordinates of the points out of the xz plane at y =0 in the same manner as in the previous
example. Now, z-coordinates of the points outside the xy plane at z =0 become the degrees of freedom.
Considering Equation (40), we compute the analytical formula of Ti, for SS-PStress as

T,= i{zé& cosh[B(4 —1)][cos v+ 01+ sinv)|{2usinh[B(4, —1)]+ A{sinh[ (4, —1)]+sinh[B(2, —1)]}} +



_ cosh[ (2, —1)][cos v+ O(sin v —1)][{2uzsinh[ B(2, —1)]+ A{sinh[B(4, —1)]+sinh[B(4, —1)]}},

2p4

where 1; and A; are the same of the previous example and

Ay = %arcsinh{— 5 A {sinh[ﬂ(ﬂ,l —1)]+ sinh[/f(/l2 —1)] }}+1 .

H+A

Further, the analytical volumetric strain for SS-PStress is

)
2u+A

{Sinh[ﬂ(ﬂq—1)]+Sinh[ﬂ(ﬂz—1)]}}-

1 .
Ep =— arcsmh{

Figure 16 and Figure 17 show the curves requested.

30
25

< 20 —— Analytical (GHS-Biot)

:: 15 o Numerical (GHS-Biot)

v (rad)
Figure 16 — Analytical and numerical 71, of the point A for SS-PStress.
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Figure 17 — Analytical and numerical volumetric strains for SS-PStress.

(41)

(42)

(43)

From Figure 16, the numerical T1, aligns significantly with the analytical T1,2. Concerning the volumetric strain, as v
increased, a slight difference was observed between the numerical and analytical responses, as indicated in Figure 17.

4.5 Comparison with the data from Zenkert & Burman (2009)

In this example, we compare the proposed analytical and numerical models with the data from Zenkert &
Burman (2009) for a closed cell rigid polymer foam in the axial problem. The samed data, mesh, and boundary conditions
are those in Example 4.1 (Figure 7) are used, with the following exceptions: E =367 MPa and Ag =320 kN/m?. The results

are presented in Figure 18.



6
— Analytical (GHS-Biot) 5
O Numerical (GHS-Biot) 4
—— Zenkert & Burman (2009) 3
2

1

0

P, (MPa)

-1.5

-1.2 -09 -0.6 . 3 06 09 12 15

GHS-Biot strain (%)

Figure 18 — Analytical and numerical results and Zenkert & Burman (2009)’s data.

According to Figure 18, the analytical and numerical results present a good fitting with the foam from Zenkert &
Burman (2009). It is worth noting that the strain limit of 1.5 % (Figure 18) is higher than the typical practice by aerospace
industry (0.4 % strain) for a different kind of polymer, based on carbon fiber epoxy matrix composites (Tsai & Melo,
2014).

5 CONCLUSIONS

Given that a material exhibits the same behavior in tension and compression on the stress-strain diagram (odd
function), it is appropriate to incorporate a same behavior in tension and compression on the strain-stretching curve of
this material. By idealizing a linear response on the stress-strain diagram for a given strain measure, the requirement of
the scale function g to achieve the desired behavior on the strain-stretching curve is stated, which has been established
in the Equation (6).

Owing to the strain measure (GHS-Biot) satisfying Equation (6), which also provides reasonable physical responses
within a strain range, 3D numerical examples were used to demonstrate the applicability of the new Hooke-like
constitutive model generated by this strain tensor. Besides, a comparison between the numerical and analytical
responses and the data of a polymer foam from Zenkert & Burman (2009) was presented for the axial problem. The
proposed model proved to be satisfactorily accurate within the 1.5% strain range. Although only GHS-Biot was tested in
this work, the computational implementation presented is quite general because it considers y € R (see items 3.1 and
3.2) to obtain the derivatives of the strain tensors with respect to the deformation gradient, which have been written
directly in global directions. The numerical results yielded an excellent correlation with the analytical responses in all
three 3D examples analyzed (see items 4.1, 4.2 and 4.4). This demonstrates the precision and robustness of the
developed formulation as well as its versatility.

This work shows that symmetry in tension and compression in both stress-strain and strain-stretching curves is
numerically feasible using the GHS-Biot measure. Moreover, the presence of the parameter £ expands the modeling
options (see Figure 3) for a material with symmetry in the two aforementioned graphs. Concerning the volumetric strain,
the GHS-Biot measure led to curious behaviors in the examples studied. This indicates that the GHS family is versatile, as
it allows for the modeling of a compressible metamaterial possessing a singular behavior of volumetric strain.

This study opens many other fields of research. Using a decimal number yin the code developed here, we expect to
demonstrate the use of the GHS family to model biological tissues and biomaterials.

APPENDIX A

If {e;} is the canonical basis of the Cartesian coordinate system (referential basis), then a second-order tensor A and
a fourth-order tensor A are written as A =4;(e; ® ¢;) and A=A (e, ® ¢, ® e; ® e,), respectively. The inner product '

between two second-order tensors has the following properties



A:(BV)=(B"A):V and A:(BCV)=(B'AV'):C. (a4)
According to Holzapfel (2000), tensor product A ® B is a fourth-order tensor such that

(A®B):V=(B:V)A. (45)
Moreover, the properties

a®b®c®d=(a®b)®(c®d) and (a®b)(c®d)=b-c(a®d) (46)

will be useful. Next, following Holzapfel (2000), there are fourth-order unit tensors I and 1 such that

A=1:A and AT=1:A, (47)
with
1=/ l./.kﬂ(el.®e/.®ek®e()=é’ik§]./(el.®e/.®ek®e,{) and | =1, W(e e, ®e, Ve, ) é'i[éjk(ei®ej®ek®ef). (48)

Now, as U :\/FTF, one defines K(F) = In(\( F'F). Applying the Gateaux differential (Itskov, 2019) to function K(F),
we obtain

K(FfA]= dK(F+aA)

- “LFEF) (FA+ATF)>

= [ f(Frar) (Fran)|

da

a=0 a=0

= DK(F)[A]= %(F"A +F'FTATF), (49)

where A is an arbitrary second-order tensor and « € R. Let {d;} be the current basis. According to Gurtin et al. (2010),
because F is a two-point tensor, we write

F=F,(d ®e¢,), F'=F'(e,®d,), F =F|e,®4d,), and F"=F;'(d, ®e,). (50)

In addition, the basis of the fourth-order tensors, obtained from the derivative between second-order tensors, one
of which is a two-point tensor, must be written properly. For example, d(In U)/JF is expressed as follows
(es® e, ®d,, ® e,). Thus, the term F1A in Equation (49) was developed as follows:

F'AZL:(F'A)2 5,5, (. ®¢, ®e, ®e, ):[F (e, ®d, )4, (d, ®e, ) =

(1) av )

=5,8,F4, [, ®e )0 (e, ¢, ] [le, ®4,)d, ®¢,)] = 6,5,,4,[e, ®¢,):(¢, ©4,)d, B¢, (¢, ®¢,)=

m= um” “mn

0,074,010, 8¢, e, B¢, )0, @c, e, ®e) = 5,714, [0, B¢, ): (@, @c, e, @) =
5, Fl(e, ®e,®d, ®e,): 4,,(d, ®e,) = F'A=5,F (¢, ®¢, ®d, @e,): A, -

where in step (I) we used Equation (47),, in step (II) we applied Equations (48); and (50),, in step (III) we applied Equation
(46)4, in step (IV) we applied Equation (45), in step (V) we applied Equation (44),, in step (VI) we applied Equation (46),,



and in step (VII) we applied Equations (45) and (46)1. Subsequently, the term FXFAT F in Equation (49) is developed
as

F'FTAF=(FTAF'F ) =T :(FTAF'F7)=

L5.6,(c. 0¢, ¢, ®e,):[F,.(e, ®d, )4, (d, ®e, )F (e, ®d, )F!(d, @, )| =

sV tu mu

av)

25,8, Fd FF e, ®¢,): (e, ®d,)(d, ®e, )¢, 0d,)(d, @e, e, @e,) =

SV tuT mu”t TmnT onwe ovw

v) V)

8,8, F4,,F,F,[d, ®e,)(e, @, ), @d,)d, @e,):(d, e, e, @e, ) =

SVt omut TmnT onwT ovw

ZF o4 FiE [(@,®e,):(d, Re,)|(e, ®et)(:)F FlF (e, ®e ®d, ®e,): 4, (d, Qe,)=

mt* " mn= nwe sw mt= nw> sw

=>F'FTAF=F FF!le, ®e ®d, ®e,): A, (52)

mt~ nw> sw

where in step (I) we used Equation (47),, in step (II) we used Equations (48), and (50), in step (III) we used Equations
(46)1 and (45), in step (IV) we used Equation (44),, in step (V) we used Equation (46),, and in step (VI) we applied
Equations (45) and (46)1. Substituting Equations (51) and (52) into Equation (49) we obtain

DK(FYA]==(5,F! + F, F,\F! e, ®¢, ®d, ®e, ): A, (53)

1
- = sm mt= nwe sw
2

and as DK(F)[A] =0(In U)/0F : A, we obtain

o(nU) 1 -1 1 gl o(InU), 1 -l |
T A 5 F +F F *Ew ev ®e ®dm ®en = — == 5;1Em + F:n EﬂvF;w *
aF 2( ™ sm mt~ nw> s )( s t ) avan 2( 1 L I § ) (54)
Differentiating Equation (54) with respect to F,,, we obtain
o’(lnU), 1 R o ot e el e
R (28, F Fpp +8,,8, FolFL = F FoF D~ F FFE). (55)

oF, 0F, 2

op

The strategy used in this appendix for writing strain tensor derivatives directly in the global direction is general and
simple. This can be applied to obtain the derivatives of complex strain tensors, such as the tangent strain tensor (see
Equation (8)),

2o (ol to ] o
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