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Abstract 
Materials subjected to moderate/large strains that exhibit similar tension and compression trends on the 
stress-strain diagram have several applications. Inspired by this aspect of this diagram, we have found 
appropriate to incorporate a same tension and compression trend on the strain-stretching curve of these 
materials. Because previous literature lacks strain measures with this property, this study intends to obtain 
this using a strain tensor belonging to a recently introduced strain measure family, the Generalized Hyperbolic 
Sine (GHS) strain tensor, which has significantly improved the behavior of the Seth-Hill family toward 
measures with better physical consistency. One uses the positional formulation of the finite element method 
to obtain expressions for any Lagrangian work conjugate stress-strain pair. Thereafter, this pair is employed 
in Hooke’s law to obtain the constitutive equation. The derivatives of the strain tensors with respect to the 
deformation gradient are written directly in the global directions and do not explicitly depend on the 
derivatives of the right stretch tensor with respect to the deformation gradient. Finally, the aforementioned 
model is used to perform 3D simulations of compressible bodies, including a comparison with a typical result 
of a polymer foam obtained from literature. The numerical results demonstrate excellent agreement with the 
analytical results, showing that a reconciliation of the stress-strain diagram of a Hooke-like material with its 
strain-stretching curve is numerically feasible. 
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LIST OF MAIN SYMBOLS 
Uppercase (lowercase) bold letters are second-order tensors (vectors). 
λi: stretching. 
U: right stretch tensor. 
[Uij], [U]: matrix representation of U. 
αi : eigenvectors of U. 
ϕ : material parameter of Itskov strain. 
κ : material parameter of the exponential strain of Darijani and Naghdabadi (2013). 
ε : arbitrary maximum stretching limit. 
β : material parameter of GHS strain. 
γ : real constant of the Seth-Hill family. 
hsE(β

 
): GHS strain tensor. 

BE(β
 
): GHS-Biot strain tensor. 

F: deformation gradient. 
T, E: arbitrary Lagrangian work conjugate stress-strain pair. 
T: Cauchy stress tensor. 
S: second Piola-Kirchhoff stress tensor. 
µ, λ: Lamé parameters. 
E: Young’s modulus. 
ν : Poisson ratio. 
ε V − : volumetric strain. 

LIST OF ABBREVIATIONS 
GHS: generalized hyperbolic sine. 
NGHL: natural generalization of Hooke’s law. 
PFFEM: positional formulation of the finite element method. 
AP: axial problem. 
EBP: equi-biaxial problem. 
SS-PStrain: simple shear in plane strain. 
SS-PStress: simple shear in plane stress. 

1 INTRODUCTION  

In the computational mechanics of isotropic hyperelastic bodies, different strain energy density functions (depending on the 
principal stretches and/or the principal invariants of the right Cauchy-Green tensor) have been proposed to better fit the 
experimental data, as can be seen in Dal et al. (2021) and references therein. Another approach to model these materials is the 
use of different strain measures, as demonstrated in Doyle & Ericksen (1956), Seth (1964), Curnier & Rakotomanana (1991), Itskov 
(2004), Curnier & Zysset (2006), Srinivasa (2012), Salamatova et al. (2018), Darijani et al. (2010), Darijani & Naghdabadi (2013), 
Boujelben & Ibrahimbegovic (2017), Korobeynikov (2019), Greco & Peixoto (2022), and Peixoto et al. (2024). 

Once the strain measure is chosen, it can be used by means of the Natural Generalization of Hooke’s Law (NGHL) proposed 
by Hill (1978). This constitutive equation is written by replacing the stress-strain pair of Hooke’s law with any work conjugate 
stress-strain pair. The direct use of Hooke’s law for large strains, considering the Cauchy stress tensor as a function of the 
displacement gradient tensor, does not lead to an objective constitutive equation, as demonstrated by Fosdick & Serrin (1979). 
Thus, the study of new strain measures is of remarkable importance and is useful for the modeling of polymers and biological 
tissues (see, e.g., Saucedo-Mora et al. (2021), Korobeynikov (2023), and Kang et al. (2024)). 

In addition to guaranteeing the existence of the strain energy density, as noted by Volokh (2004), NGHL has the 
advantage of using constants (Young’s Modulus E and Poisson ratio ν) that are easily known for most materials. One of 
the most well-known stress-strain pairs used together with NGHL is the second Piola-Kirchhoff stress tensor and the 
Green strain tensor (St. Venant-Kirchhoff model), although it has limitations in large strain regimes, as pointed out by 
Sautter et al. (2022). Recent applications of NGHL include those of Korobeynikov (2019), Korobeynikov et al. (2022), 
Greco & Peixoto (2022), Korobeynikov (2023), Korobeynikov & Larichkin (2023), and Peixoto et al. (2024). 

In this context, this study applies a strain measure belonging to the Generalized Hyperbolic Sine (GHS) strain family, 
recently introduced in Peixoto et al. (2024), to simulate 3D models. One of the main objectives is to include the same 
behavior in tension and compression on the strain-stretching curve of a given material with an odd function on the stress-
strain diagram. This study considers a linear function in this diagram because it uses NGHL. Finally, the numerical results 
were obtained using the aforementioned constitutive equation for the axial problem, equibiaxial problem, simple shear 
under plane strain, and simple shear under plane stress. 

Following Hill (1978), the general class of Lagrangian strain tensors is defined as (henceforth, the Einstein summation 
is adopted, and all indices range from 1 to 3 unless stated otherwise) 
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( ) ( )( )iiig ααUG ⊗= λ , (1) 

where λi and αi are the eigenvalues (principal stretches) and the normalized eigenvectors of the right stretch tensor U, 
respectively, and g: ∗ 

+  → ℝ is a scale function. Based on postulates on the form of the strain energy density, g should 

satisfy some properties (Hill, 1978; Darijani et al., 2010), namely, 

( ) ( ) ( ) ( ) ( ) ∞=−∞=>′=′=
→∞→ iii ggggg

ii
λλλ

λλ
limandlim,0,11,01

0
. (2) 

In addition, a specific type of symmetry for g was presented by Truesdell & Toupin (1960), Fitzgerald (1980), and 
Curnier & Rakotomanana (1991), 

( ) ( )ii gg λλ −=−1 . (3) 

Two strain families that follow Equations (2) and (3) are 

( ) )(
2
1 ϕϕ λλ
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λ −−= iiig     and                                   (ϕ ∈ ∗ 
+) (4) 

( ) [ ])1()1( 1
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where Equation (4) is the strain family introduced by Itskov (2004) and also mentioned by Darijani & Naghdabadi (2010); 
Equation (5) is the one-parameter exponential strain family introduced by Darijani & Naghdabadi (2013). The Hencky 
strain (ln λi) is obtained using Equation (4) as ϕ → 0. Figure 1 shows the plots of the Equations (4) and (5) for certain 
values of ϕ and κ. 

 
Figure 1 – (a) Strain family of Itskov (2004) for some values of ϕ. (b) One-parameter exponential family of Darijani & 

Naghdabadi (2013) for some values of κ. 

Notably, a similar behavior in tension and compression tends to be observed only when ϕ and κ increase. Now, with 
Equation (2) in mind, an issue arises if one wants to model a material that has the same behavior in tension and 
compression for any value of the parameter, that is, one wants an odd function shifted by one unit to the right on the 
strain-stretching curve. As the original definition of the odd function is −g(λi) = g(−λi), the desired property is 

( ) ( )ii gg λλ −=−2 . (6) 

The Biot strain tensor U − I, where I is the second-order unit tensor, obeys Equation (6) but is not concerned with 
Equation (2)4 at all. The point here is to establish a measure that follows Equation (6) and has some physical consistency 
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in the sense of the Equation (2). One points out that property of the Equation (3) does not lead to the desired symmetry 
of behavior in tension and compression, and Equation (3) is replaced by Equation (6). 

Evidently, Equations (4) and (5) do not follow Equation (6). In fact, Equations (2) and (6) are not completely 
consistent; that is, given a function that obeys Equation (6), at the best chance, Equation (2)4 or (2)5 will fall. For example, 
one may introduce the tangent strain 

( ) ( )



 −= 1

2
tan2

iig λπ
π

λ ,                  λi ∈ ]0, 2[ (7) 

which follows Equation (6). However, among the requirements stated in Equation (2), only Equation (2)5 does not hold. 
A related strain measure to Equation (7), namely, the hyperbolic tangent strain, was introduced by Peixoto & 
Greco (2022). Figure 2a shows a graph of Equation (7). 

 
Figure 2 – (a) Tangent strain (Equation (7)). (b) Two curves of tangent strain family. 

Apart from Equation (6) for a while, Equation (7) can be improved to include an arbitrary maximum stretching limit 
ε > 1, 

( )






















 −−














 −














 −=

2
11tan

2
1tan

2
11cos2

ε
π

ε
λπ

ε
π

π
ελ i

ig .                  λi ∈ ]0, ε [        ε > 1.0 (8) 

Figure 2b shows the two curves of Equation (8). As shown in Figure 2, it might be interesting to model a material 
exhibiting a rapid increase in stress at high stretch values (strain-stiffening effect) using a strain measure that 
incorporates this phenomenon. Experimental data have demonstrated this effect (Treloar, 1975; Arruda & Boyce, 1993), 
which has played a central role in several studies (Horgan & Saccomandi (2006); Yuan et al. (2015); Cao et al. (2016); 
Liang et al. (2020); Lateefi et al. (2022)). It should be noted that property of the Equation (2)5 is not a general axiom 
because rubber-like material behavior may not meet it. 

Turning back to pursuing a candidate strain for Equation (6), bearing Equation (2) in mind, let us describe the GHS 
strain family introduced by Peixoto et al. (2024), 

( ))(1)(hs sinh γβ ββ EE −= ,                             (β ∈ ∗ 
+) (9) 

where E(γ ) is, a priori, any given strain measure. Considering E(γ ) as the Seth-Hill Lagrangian family (Seth, 1964; Hill, 1968), 

( )




=
≠−

=
−
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01
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γγ γ

γ

U
IU

E ,                    (γ ∈ ℝ) (10) 

we can set γ = 1.0 to obtain the GHS-Biot subfamily BE(β ), 
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( )( ) ( ) ( )( )IUIUIUE −−−− −=−= βββ

β
ββ ee

2
1sinh1)(B . (11) 

As indicated by Peixoto et al. (2024), the scale function of the GHS-Hencky subfamily (γ = 0) is equal to the Itskov 
strain (Equation (4)). Following the notation of the Equation (1), the scale function of Equation (11) is 

( ) ( ) ( )[ ]11

2
1 −−− −= ii eeg i

λβλβ

β
λ . (12) 

Figure 3 shows a plot of Equation (12) for certain values of β. 

 
Figure 3 – GHS-Biot for some values of β. 

From Figure 3, it can be concluded that similar behaviors in tension and compression are obtained for any value of 
β. However, requirement of the Equation (2)4 does not hold. Nevertheless, during project development, the strain range 
that the materials can undergo is known. Therefore, by means of the parameter β, one can choose a material whose 
strain-stretching curve does not intercept the vertical axis within that range. 

That said, this study has the following main objectives: 
– to implement the GHS family considering γ ∈ ℝ using the Positional Formulation of the Finite Element Method 

(PFFEM) and to perform 3D numerical simulations using the corresponding NGHL of the GHS-Biot strain tensor stated in 
Equation (11). Even though we focused on the GHS-Biot strain, the numerical implementation is quite general as we 
consider γ ∈ ℝ. 

– to discuss the results and applicability of the proposed strain measure (Equation (11)). 

2 PFFEM FOR AN ARBITRARY STRESS-STRAIN PAIR 

The PFFEM was conceived approximately 20 years ago and has been shown to be reliable and accurate, as can be 
seen in Coda & Greco (2004) and Greco & Coda (2006). Its use with some classical hyperelastic models can be seen, e. g., 
in Santos et al. (2024). While the classical formulation of the FEM adopts linear nodal displacements as unknown 
variables, the PFFEM uses nodal positions. In this study, 3D analyses were performed using an eight-node hexahedral 
finite element with eight Gauss points. The usual mappings concerning a 3D computational implementation in the PFFEM 
context can be found, for example, in Coda & Paccola (2007) and are shown in Figure 4, where ξ, η, and ζ represent the 

fictitious space. Mappings χ (reference configuration → current configuration), χ~ (fictitious space → current 

configuration) and χ̄ (fictitious space → reference configuration) are defined such that χ = χ~ ◦ χ̄  

–1. 
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Figure 4 – Mappings concerning to a 3D computational implementation. 

According to Coda & Paccola (2007), 

1~ −= FFF , (13) 

where F, F
~

, and F̄ are the gradients of χ, χ~, and χ̄, respectively. The total potential energy Π of a finite element is given 
by 

aa
V

xfVd −=Π ∫
0

0ψ ,                                    a = 1, 2, 3, …, 24 (14) 

where ψ and V −0 are the strain energy density and initial volume, respectively, with respect to the reference configuration. 
The term fa represents the force acting in the current nodal direction xa. The equilibrium equation for an arbitrary 
Lagrangian work conjugate stress-strain pair (T, E) is obtained by differentiating Equation (14) with respect to xa, 
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In step (I) we used the definition of hyperelasticity, Tk


 = ∂ψ /∂Ek


, and in step (II) we applied the NGHL, 

Tk


 = 2µ Ek


 + λ δ k


 tr E, where µ and λ are the Lamé parameters, and δ k


 is the Kronecker delta. Now, the expression 

∂Ek


 /∂xa in Equation 15 is developed as 
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where in (I) we used Equation (13) and in (II) we applied the result ∂F ¯−1 
qn /∂xa = 0, as it can be noted from Figure 4. Next, 

from Equation (15) we define 

( ) ( ) a
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as components of the residual vector h(x). By differentiating Equation (17) with respect to xb, we obtain the indicial 
notation of the Hessian ∇h(x0), 

∫ 
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Now, let h(x0) and ∇h(x0) be the residual vector and Hessian of the model regarding only unknown degrees of 

freedom (DOFs), respectively. Because the solution to the problem is the root of h(x), the Newton-Raphson scheme was 

used. Thus, by linearizing h(x) around a known vector x0, we obtain 

( ) ( ) ( ) ( )0
1

000 xx0xx hhxxhh −−∇≅∆⇒≅∆∇+ , (19) 

where ∆x is the incremental position vector for only the unknown DOFs and 0 is the null vector. For a predefined 

tolerance tol, the convergence of the Newton-Raphson procedure is verified by ||∆x|| / ||x|| ≤ tol, in which x = x0 + ∆x. 
Expression ∂2Ek



/∂xa∂xb of Equation 18 takes the form 
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where, in (I), we used the result ∂2F 
~

mq/∂xa∂xb = 0. In step (II), Equation 13 is applied. Thus, from Equations 16 and 20, it 
can be concluded that the PFFEM is completely determined if the derivatives ∂Ek



 /∂Fmn and ∂2Ek


 /∂Fmn∂Fop of the chosen 

strain tensor E are known. A nonexhaustive pseudocode of the program is shown in Figure 5a, where incr, nincr, elem, 
and nelem represent the increment, number of increments, element, and number of elements, respectively. The function 
compute_ElemHessIntForce(elem), which is responsible for calculating h(xj) and ∇h(xj) for elem, is shown in Figure 5b, 
where GP and nGP represent the Gauss point and number of Gauss points, respectively. 

 
Figure 5 – (a) Pseudo-code of the program. (b) Pseudo-code of the function compute_ElemHessIntForce(elem). 
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3 DERIVATIVES OF THE GHS STRAIN TENSOR WITH RESPECT TO THE DEFORMATION GRADIENT 

In the following, we present the indicial expressions of the first and second derivatives of hsE(β
 
) with respect 

to the deformation gradient F on a basis formed by the unit vectors along the axes of the Cartesian coordinate 
system (global directions), instead of on a basis formed by the eigenvectors of U and/or V, where V is the left 
stretch tensor. This avoids changes in the basis of the fourth- and sixth-order tensors in the code. The expressions 
∂ hsE(β

 
)/∂F and ∂2 hsE(β

 

)/∂F2 developed here do not make explicit use of ∂U/∂F (see Wheeler & Casey (2011)), 
and consequently neither of ∂2U/∂F2. 

Furthermore, one also shows how the Cauchy stress tensor T was calculated from the work conjugate stress tensor 
of hsE(β

 
). Lastly, all functions of second-order tensors are computationally performed according to Mal & Singh (1991), 

i.e., [G(U)] = [UQ] [G(UΛ)] [UQ]T, where [UQ]  is the orthogonal matrix whose columns are the normalized eigenvectors 
(αi) of U, and [G(UΛ)] = diag[g(λ1), g(λ2), g(λ3)]. 

3.1 GHS’s derivatives for γ ≠ 0 

Substituting Equation (10)1 in Equation (9) one has 
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The indicial notation of Equation (22) reads 
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where in (I) we used Equation (24). Furthermore, by differentiating Equation (25) with respect to Fop using the product 
rule, we obtain 
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where in (I), the chain rule is used, and Equation (24) is applied in (II). The indicial expressions of ∂(ln U)/∂F and 
∂2(ln U)/∂F2 in Equations (25) and (26) written directly in the global direction have not been found in the literature; 
therefore, they are given in Appendix A. 

Now, let hsT(β
 
) be the work conjugate stress tensor of hsE(β

 
). Further, let f E = f (λi) (αi ⊗ αi) and gE = g(λi) (αi ⊗ αi) be 

arbitrary Lagrangian strain tensors and let f T = f T −ij (αi ⊗ αj) and gT = gT −ij (αi ⊗ αj) be their work conjugate stress tensors, 

respectively. The over bar (−) indicates the stress components of the corresponding stress tensor written in the {αi} basis. 
For non-coalescent principal stretches, one gets by Farahani & Naghdabadi (2003) 
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Setting in Equation (27) f (λi) = (λ 
2 
i  − 1)/2, which is the Green strain, and g(λi) = (1/β) sinh[(β /γ) (λ 

γ 
i  − 1)], which is 

the scale function of the Equation (21), we obtain 
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where S is the second Piola-Kirchhoff stress tensor. Thus, the Cauchy stress is found as follows. After calculating hsT −(β )
ij  

using the NGHL, we use Equation (28). Next, one employs [Sij] = [UQ] [S −ij] [UQ]T. Once S was obtained in the global 
direction, T was computed using T = (det F)−1 FSFT. 

Expressions regarding Equation (27) for the case of coalescent principal stretches were taken directly from Farahani 
& Naghdabadi (2003) and are not given here. 

3.2 GHS’s derivatives for γ = 0 

Substituting Equation (10)2 in Equation (9) one has 
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Using the same logarithm properties applied in the previous item, Equation (29)2 becomes 
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Now, using the chain rule on Equation (30) one gets 
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where in (I) we used Equation (24). Differentiating Equation (31) with respect to Fop, we obtain 
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Now, setting in Equation (27) f (λi) as the Green strain and g(λi) = (λβ 
i  − λ−β 

i )/2β, we obtain 
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and, similar to the previous item, one computes T. 
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4 NUMERICAL APPLICATIONS 

In the following, a nonlinear analysis is performed in examples 4.1, 4.2 and 4.4 (non-isochoric deformation) with a 
fixed increment load ∆q using the Newton-Raphson scheme. Only in example 4.3 (isochoric deformation) are all the 
positions prescribed in each step. Finally, a comparison of the analytical and numerical results with the data from Zenkert 
& Burman (2009) is presented in example 4.5. Stresses in the nodes are obtained by the weighted arithmetic mean using 
the stresses of the Gauss points of finite elements having the corresponding node; the weight is the distance of each 
Gauss point to that node. 

In this work, the Lamé parameters µ and λ are obtained from E and ν by widely known expressions, for example, 
on page 13 of Mal & Singh (1991). All examples adopted β = 3.5 and considered GHS-Biot strain, as shown in Figure 6. 

 
Figure 6 – Material strain curve used in the numerical examples. 

4.1 Axial Problem (AP) 

Figure 7a shows the uniformly distributed axial loading q of a prismatic solid with a square base (side: 1.0 m) and a 
height of 0.125 m. The two-plane symmetry of the problem was considered for modeling purposes, resulting in the mesh 
shown in Figure 7b. The following graphs are required for this problem: T11/µ × λ1 at point A (indicated in Figure 7b) and 
εV − × λ1, where εV − = ∆V −/V −0 is the volumetric strain of the model. 

 
Figure 7 – (a) Axial problem data. (b) Mesh used (two-plane symmetry is applied). 

According to Peixoto et al. (2024), the analytical formula of T11 for AP is 

( )[ ] ( )[ ] ( )[ ]{ }
2

11111 11sinharcsinh11sinh1cosh
−









+−−−−= λβν
β

λβλβ
β
ωT , (34) 

where ω = µ[(3λ + 2µ)]/(µ + λ). Further, the analytical volumetric strain for AP is 
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( )[ ]{ } 111sinharcsinh1
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+−−= λβν
β

λεV . (35) 

Thus, Figure 8 and Figure 9 show the required curves. 

 
Figure 8 – Analytical and numerical T11 of point A of AP. 

 
Figure 9 – Analytical and numerical volumetric strain of AP. 

Figure 8 and Figure 9 show that the numerical responses fit the analytical responses well. Regarding the volumetric 
strain, in the compression regime (λ1 < 1) the volume reduces as stretching approaches zero, whereas in the tension 
regime there is an initial volume increase, followed by a volume decrease. After λ1 ≅ 2.26, GHS-Biot exhibited a 
continuous volume increase, from which the computational code was unable to obtain numerical results. 

4.2 Equi-Biaxial Problem (EBP) 

Figure 10a shows the equibiaxial loading q of a cubic solid on the 0.05 m side. The three-plane symmetry of the 
problem was considered for modeling purposes, leading to a mesh with cubic finite elements on 6.25 × 10−3 m side 
(Figure 10b). The boundary conditions are shown in Figure 10c (external surfaces are not indicated). The following graphs 
were used for this problem: T11/µ × λ1 at point A (Figure 10a) and εV − × λ1. 
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Figure 10 – (a) Equi-biaxial problem data. (b) Mesh used. (c) Boundary conditions. 

According to Peixoto et al. (2024), the analytical formula of T11 for EBP is 
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where ω − = 2µ[(3λ + 2µ)]/(2µ + λ). Further, the analytical volumetric strain for EBP is 
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Figure 11 and Figure 12 present the required curves. 

 
Figure 11 – Analytical and numerical T11 of point A for EBP in (a) tension regime and (b) compression regime. 

 
Figure 12 – Analytical and numerical volumetric strains for EBP. 
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According to Figure 11 and Figure 12, the numerical responses present a limitation in the compression regime, in 
contrast to the tension regime. The analysis stopped at approximately λ1 ≅ 0.772. 

The volumetric strain decreased as the stretching approached zero (Figure 12). In the tension regime, GHS-Biot 
produced an initial increase in volume, followed by a continuous decrease. 

4.3 Simple Shear in Plane Strain (SS-PStrain) 

Figure 13a shows a prismatic solid with a base of 5 m × 2 m and a 1.0 m height. One-plane symmetry was considered 
for modeling purposes, resulting in the mesh shown in Figure 13b. The points in xz-plane at y = 0 were constrained in all 
directions, and the remaining points were constrained only in y- and z-directions. The following graph is required for this 
problem: T12/µ × υ at point A (indicated in Figure 13b), which υ is defined in Figure 13a. In this example, the volumetric 
strain is zero because the SS-PStrain is an isochoric deformation. 

 
Figure 13 – (a) Data of simple shear in plane strain (b) Mesh used. 

Because the analytical deformation gradient of SS-PStrain is 

[ ]















=

100
010
01 θ

F , (38) 

we decided to manually update the x-coordinates of points out of the xz plane at y = 0 through analysis; thus, the 
numerical deformation gradient is equal to Equation (38) at any point in the model. This example is a simple verification 
and serves as the basis for the next one. The increment in x (∆x) in each step depends on the y-coordinate of the point, 
as shown in Table 1. 

Table 1 – Increments in x-direction in simple shear in plane strain. 

y-coordinate of the point (m) ∆x (m) 
1.0 0.01 

0.875 8.75×10−3 
0.75 7.5×10−3 

0.625 6.25×10−3 
0.5 5.0×10−3 

0.375 3.75×10−3 
0.25 2.5×10−3 

0.125 1.25×10−3 

According to Peixoto et al. (2024), the analytical formula of T12 for SS-PStrain is 
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where υ = arctg(θ /2) and λ1 = (1 + sin υ)/cos υ, λ2 = (1 − sin υ)/cos υ. Figure 14 shows the requested curve. 

 
Figure 14 – Analytical and numerical T12 of point A for SS-PStrain. 

From Figure 14, it can be concluded that the numerical responses fit excellently with the analytical responses, as 
expected. 

4.4 Simple Shear in Plane Stress (SS-PStress) 

The SS-PStress data are the same as those in the previous example, except for the boundary conditions. Figure 15 
presents further details. The nodes not indicated in were restrained only in the y-direction. The following graphs are 
required for this problem: T12/µ × υ for point A and εV − × υ. 

 
Figure 15 – Boundary conditions in SS-PStress. 

Because the analytical deformation gradient of SS-PStress is 
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θ
F , (40) 

we decided to update the x-coordinates of the points out of the xz plane at y = 0 in the same manner as in the previous 
example. Now, z-coordinates of the points outside the xy plane at z = 0 become the degrees of freedom. 

Considering Equation (40), we compute the analytical formula of T12 for SS-PStress as 
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where λ1 and λ2 are the same of the previous example and 
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Further, the analytical volumetric strain for SS-PStress is 
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Figure 16 and Figure 17 show the curves requested. 

 
Figure 16 – Analytical and numerical T12 of the point A for SS-PStress. 

 
Figure 17 – Analytical and numerical volumetric strains for SS-PStress. 

From Figure 16, the numerical T12 aligns significantly with the analytical T12. Concerning the volumetric strain, as υ 
increased, a slight difference was observed between the numerical and analytical responses, as indicated in Figure 17. 

4.5 Comparison with the data from Zenkert & Burman (2009) 

In this example, we compare the proposed analytical and numerical models with the data from Zenkert & 
Burman (2009) for a closed cell rigid polymer foam in the axial problem. The samed data, mesh, and boundary conditions 
are those in Example 4.1 (Figure 7) are used, with the following exceptions: E = 367 MPa and ∆q = 320 kN/m2. The results 
are presented in Figure 18. 
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Figure 18  – Analytical and numerical results and Zenkert & Burman (2009)’s data. 

According to Figure 18, the analytical and numerical results present a good fitting with the foam from Zenkert & 
Burman (2009). It is worth noting that the strain limit of 1.5 % (Figure 18) is higher than the typical practice by aerospace 
industry (0.4 % strain) for a different kind of polymer, based on carbon fiber epoxy matrix composites (Tsai & Melo, 
2014). 

5 CONCLUSIONS 

Given that a material exhibits the same behavior in tension and compression on the stress-strain diagram (odd 
function), it is appropriate to incorporate a same behavior in tension and compression on the strain-stretching curve of 
this material. By idealizing a linear response on the stress-strain diagram for a given strain measure, the requirement of 
the scale function g to achieve the desired behavior on the strain-stretching curve is stated, which has been established 
in the Equation (6). 

Owing to the strain measure (GHS-Biot) satisfying Equation 6, which also provides reasonable physical responses 
within a strain range, 3D numerical examples were used to demonstrate the applicability of the new Hooke-like 
constitutive model generated by this strain tensor. Besides, a comparison between the numerical and analytical 
responses and the data of a polymer foam from Zenkert & Burman (2009) was presented for the axial problem. The 
proposed model proved to be satisfactorily accurate within the 1.5 % strain range. Although only GHS-Biot was tested in 
this work, the computational implementation presented is quite general because it considers γ ∈ ℝ (see items 3.1 and 
3.2) to obtain the derivatives of the strain tensors with respect to the deformation gradient, which have been written 
directly in global directions. The numerical results yielded an excellent correlation with the analytical responses in all 
three 3D examples analyzed (see items 4.1, 4.2 and 4.4). This demonstrates the precision and robustness of the 
developed formulation as well as its versatility. 

This work shows that symmetry in tension and compression in both stress-strain and strain-stretching curves is 
numerically feasible using the GHS-Biot measure. Moreover, the presence of the parameter β expands the modeling 
options (see Figure 3) for a material with symmetry in the two aforementioned graphs. Concerning the volumetric strain, 
the GHS-Biot measure led to curious behaviors in the examples studied. This indicates that the GHS family is versatile, as 
it allows for the modeling of a compressible metamaterial possessing a singular behavior of volumetric strain. 

This study opens many other fields of research. Using a decimal number γ in the code developed here, we expect to 
demonstrate the use of the GHS family to model biological tissues and biomaterials. 
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APPENDIX A 

If {ei} is the canonical basis of the Cartesian coordinate system (referential basis), then a second-order tensor A and 
a fourth-order tensor A are written as A = Aij(ei ⊗ ej) and A = A ijk



(ei ⊗ ej ⊗ ek ⊗ e


), respectively. The inner product ‘:’ 
between two second-order tensors has the following properties 

( ) ( ) VABBVA :: T=    and   ( ) ( ) CAVBBCVA :: TT= .                    (44) 

According to Holzapfel (2000), tensor product A ⊗ B is a fourth-order tensor such that 

( ) ( )AVBVBA :: =⊗ .                        (45) 

Moreover, the properties 

( ) ( )dcbadcba ⊗⊗⊗=⊗⊗⊗    and   ( )( ) ( )dacbdcba ⊗⋅=⊗⊗                   (46) 

will be useful. Next, following Holzapfel (2000), there are fourth-order unit tensors I and I
−

 such that 

AA :I=    and   AA :I=T ,                       (47) 

with 

( ) ( )


eeeeeeee ⊗⊗⊗=⊗⊗⊗= kjijikkjiijk δδII    and   ( ) ( )


eeeeeeee ⊗⊗⊗=⊗⊗⊗= kjijkikjiijk δδII .            (48) 

Now, as U = FTF, one defines K(F) = ln( FTF). Applying the Gateaux differential (Itskov, 2019) to function K(F), 
we obtain 

( )[ ] ( ) ( ) ( ) ( ) ( ) ⇒+=



 ++=

+
=

−

==

FAAFFFAFAFAFKAFK TTTT 1

00 2
1ln

αα

αα
αα

α
d
d

d
dD  

( )[ ] ( )FAFFAFAFK TT−−− +=⇒ 11

2
1D .                      (49) 

where A is an arbitrary second-order tensor and α ∈ ℝ. Let {di} be the current basis. According to Gurtin et al. (2010), 
because F is a two-point tensor, we write 

( )jiijF edF ⊗= ,  ( )jiijF deF ⊗= −− 11 ,  ( )ijijF deF ⊗=T ,  and  ( )ijijF edF ⊗= −− 1T .                 (50) 

In addition, the basis of the fourth-order tensors, obtained from the derivative between second-order tensors, one 
of which is a two-point tensor, must be written properly. For example, ∂(ln U)/∂F is expressed as follows 
(es ⊗ et ⊗ dm ⊗ en). Thus, the term F−1A in Equation (49) was developed as follows: 

( ) ( ) ( ) ( )[ ] )III(
1

)II(
1

)I(
1 :: =⊗⊗⊗⊗⊗== −−−

nmmnmuumnutstnsu AF eddeeeeeAFAF δδI  

( ) ( )[ ] ( )( )[ ] ( ) ( )( )[ ]( )
)V(

1
)IV(

1
)III(

:: =⊗⊗⊗⊗=⊗⊗⊗⊗⊗= −−
tsnmmunumnumtnsunmmunutsmnumtnsu AFAF eeeddeeeeddeeeee δδδδ  

( )( ) ( )[ ]( ) ( ) ( )[ ]( )
)VII(

1
)VI(

1
)V(

:: =⊗⊗⊗=⊗⊗⊗⊗= −−
tsnmnmmnsmtntsnmnuummnumtnsu AFAF eeededeeedeeed δδδ  

( ) ( ) ( ) AedeeAFededee :: 111
)VII(

nmtssmtnnmmnnmtssmtn FAF ⊗⊗⊗=⇒⊗⊗⊗⊗= −−− δδ ,                 (51) 
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where in step (I) we used Equation (47)1, in step (II) we applied Equations (48)1 and (50)2, in step (III) we applied Equation 
(46)1, in step (IV) we applied Equation (45), in step (V) we applied Equation (44)1, in step (VI) we applied Equation (46)2, 
and in step (VII) we applied Equations (45) and (46)1. Subsequently, the term F–1F–TAT F in Equation (49) is developed 
as 

( ) ( ) )II(
1

)I(
11 : === −−−−−− TTTTTTT FAFFFAFFFAFF I  

( ) ( ) ( ) ( ) ( )[ ] )III(
11

)II(
: =⊗⊗⊗⊗⊗⊗⊗= −−

vwvwwnnwnmmnmumuvutstusv FFAF eddeeddeeeeeδδ  
( ) ( )( )( )( )[ ]( )

)IV(
11

)III(
: =⊗⊗⊗⊗⊗⊗= −−

tsvwwnnmmuvuvwnwmnmutusv FFAF eeeddeeddeeeδδ  

( )( )( )( ) ( )[ ]( )
)V(

11
)IV(

: =⊗⊗⊗⊗⊗⊗= −−
tsnmnwwvvuumvwnwmnmutusv FFAF eeededdeeeedδδ  

( ) ( )[ ]( ) ( ) ( ) ⇒⊗⊗⊗⊗=⊗⊗⊗= −−−−
nmmnnmtsswnwmttsnmnmswnwmnmt AFFFFFAF ededeeeeeded :: 11

)VI(
11

)V(
 

( ) AedeeFAFF :111
nmtsswnwmt FFF ⊗⊗⊗=⇒ −−−− TT ,                     (52) 

where in step (I) we used Equation (47)2, in step (II) we used Equations (48)2 and (50), in step (III) we used Equations 
(46)1 and (45), in step (IV) we used Equation (44)2, in step (V) we used Equation (46)2, and in step (VI) we applied 
Equations (45) and (46)1. Substituting Equations (51) and (52) into Equation (49) we obtain 

( )[ ] ( )( ) AedeeAFK :
2
1 111

nmtsswnwmtsmtn FFFFD ⊗⊗⊗+= −−−δ ,                    (53) 

and as DK(F)[A] = ∂(ln U)/∂F : A, we obtain 

( )( ) ( )111111

2
1)(ln

2
1)(ln −−−−−− +=

∂
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∂

∂
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mn

st
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F
FFFF δδ Uedee

F
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.                (54) 

Differentiating Equation (54) with respect to Fop, we obtain 

( )1111111111
2

2
1)(ln −−−−−−−−−− −−+−=

∂∂
∂

pxsonxmtsxpxnomtsxnxtpmopmsotn
opmn

st FFFFFFFFFFFF
FF

δδδU .                  (55) 

The strategy used in this appendix for writing strain tensor derivatives directly in the global direction is general and 
simple. This can be applied to obtain the derivatives of complex strain tensors, such as the tangent strain tensor (see 
Equation (8)), 
 

( )






















 −−














 −














 −= IIUUG

2
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2
11cos2

ε
π
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.                      ε > 1.0                                                      (56) 
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