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Abstract 
This article presents a comparative study of the reliability of reinforced concrete (RC) cross-sections subjected 
to simple bending, designed at the ultimate limit state and following the recommendations of the 2014 and 
2023 versions of the Brazilian code NBR 6118. The analyses are based on reliability theory by implementing 
the FORM algorithm on three rectangular cross-section configurations, considering three constant values of 
dimensionless bending moments and five different concrete strength classes between C30 and C90. Although 
the elements designed by NBR 6118:2023 have shown additions of up to 19% in the total steel cross-section 
area as a consequence of the implementation of the strength reduction factor (ηc), the results show no 
significant improvements in reliability compared to the 2014 previous version of NBR 6118. 
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1 INTRODUCTION 

The design of concrete structures has undergone constant and significant evolution over time, directly related to 
the techniques, materials, and design procedures. Nine years after the promulgation of the Brazilian code NBR 6118:2014 
(ABNT, 2014), it has become necessary to promote a comprehensive review to update the design criteria and safety 
standards in line with the demands and experiences acquired during this period. 

In this context, the revision of NBR 6118, presented in 2023 (ABNT, 2023), introduced some critical changes, 
reflecting the standard's current level of consolidation and maturity. The previous version, NBR 6118:2014, adopted the 
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exact recommendations of Eurocode 2 (CEN, 2004) regarding the criteria for concrete strength in the Ultimate Limit State 
(ULS) in bending with or without compression. However, the updated Eurocode 2 (2023) introduced a strength reduction 
factor (ηc) aimed at reducing the level of stresses in elements with characteristic compressive strength (fck) above 40 
MPa. On the other hand, so that the results were not too conservative, a constant value of 3.5 ‰ was established for 
the ultimate strain of the concrete, regardless of the characteristic value of the concrete's compressive strength. 

In comparison, the updates to NBR 6118:2023 were more conservative in this aspect, merely incorporating the 
strength reduction factor, ηc, into the previous assumptions based on Eurocode 2 (2004). This point has led to discussions 
regarding potential inconsistencies between the models, as the ultimate concrete strain remains unchanged in the 
current Brazilian standard. This divergence raises concerns about compatibility between the two normative frameworks, 
particularly in relation to high-strength concrete behavior. 

In addition, the assessment and study of reliability applied to reinforced concrete (RC) structures have been highly 
explored over the last five decades. Specifically regarding the Brazilian experience in this context, many studies have 
been conducted to clarify and deepen the research on the safety of reinforced concrete elements designed according to 
the Brazilian codes. In this regard, it is worth highlighting works such as the one by Stucchi and Santos (2007), who 
conducted a comparative reliability assessment of beams and slabs designed according to NBR 6118 (2014) and ACI 318-
05. Concerning the reliability of reinforced concrete beams works by Scherer et al. (2021) and Santos et al. (2014) can 
also be mentioned, with the latter extending to steel and composite steel-concrete beams. Finally, the recent 
contributions of Santiago et al. (2019), who proposed the calibration of safety factors in the Brazilian standard based on 
reliability, and Pires and Gomes (2024), who evaluated the reliability of simply supported beams under fire conditions, 
should also be highlighted. 

However, due to the updating of NBR 6118:2023, there is a need to assess the impacts produced by this version of 
the code on the design and reliability of structures. More recently, studies, such as those presented by Borges (2023) and 
Schuler (2023), have evaluated the impact of the introduction of the ηc coefficient on the design of columns 
simultaneously subjected to axial compression and biaxial bending. Regarding reliability, the impacts caused by adding 
this and other parameters are still unknown or poorly explored. 

Therefore, this study aims to develop analyses to assess the changes brought about by the 2023 version of the 
Brazilian code regarding the total steel cross-section area (As + As′) and rectangular reinforced concrete cross-section 
reliability index (𝛽𝛽) in simple bending at the ultimate limit state. For this purpose, it was necessary to employ a numerical 
computational model capable of estimating the actual flexural capacity of the cross-sections through mean resistance 
parameters based on the mechanical model presented in the fib Model Code 2010 (2013). The reliability of the sections 
must then be estimated by the numerical application of the First-Order Reliability Method (FORM) via the improved 
Hasofer-Lind and Rackwitz-Fiessler algorithm (iHLRF). 

2 DESIGN OF REINFORCED CONCRETE CROSS-SECTIONS TO NORMAL LOADS 

Initially, to establish the necessary conditions for the proposed studies, a survey of the normative criteria associated 
with the design and verification of reinforced concrete sections by the Brazilian code should be carried out. Therefore, 
sections 2.1 and 2.2 present, respectively, the main parameters and recommendations of the NBR 6118:2014 version 
and the subsequent changes promoted by the 2023 update. 

2.1 NBR 6118:2014 recommendations 

The NBR 6118 guidelines for designing reinforced concrete elements range from definitions of material properties, 
the behavior of stress-strain diagrams for steel and concrete, the establishment of partial safety factors, and other criteria 
for determining the elements' resistance stresses and possible strain distributions. 

2.1.1 Concrete stress-strain diagram 

Item 8.2.10.1 of NBR 6118:2014 defines the criteria for the behavior of the idealized stress-strain diagram for concrete 
under compression at the ultimate limit state (ULS) (Figure 1). There are two distinct sections: the first is defined by a curve 
(equation in the image) and then a straight line of constant stress, limited to 85% of the design compressive strength. 

The compressive strains of the concrete, εc2 and εcu vary according to the strength class of the concrete. Equations 1 
and 2 correspond to the values for elements with fck ≤ 50 MPa, while Equations 2 and 3 are used for values of fck greater 
than 50 MPa. 
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Figure 1 Idealized stress-strain diagram of concrete - NBR 6118:2014. 

𝜀𝜀𝑐𝑐2 = 2‰ (𝑓𝑓𝑐𝑐𝑐𝑐 ≤ 50 MPa) (1) 

𝜀𝜀𝑐𝑐𝑐𝑐 = 3.5‰ (𝑓𝑓𝑐𝑐𝑐𝑐 > 50 MPa) (2) 

𝜀𝜀𝑐𝑐2 = 2.0‰ + 0.085‰ ⋅ (𝑓𝑓𝑐𝑐𝑐𝑐 − 50)0.53 (𝑓𝑓𝑐𝑐𝑐𝑐 ≤ 50 MPa) (3) 

𝜀𝜀𝑐𝑐𝑐𝑐 = 2.6‰ + 35‰ ⋅ [(90 − 𝑓𝑓𝑐𝑐𝑐𝑐)/100]4 (𝑓𝑓𝑐𝑐𝑐𝑐 > 50 MPa) (4) 

2.1.2 Stress-strain diagram of reinforcement steel 

Regarding the stress-strain diagram of reinforcing steel, section 8.3.6 of the Brazilian code allows ideal elastoplastic 
behavior to be considered using the simplified bi-linear model in Figure 2, up to a strain limit of 10‰. The slope of the 
upward section, defined as the elastic modulus of the steel (Es), corresponds to 210 GPa. 

 
Figure 2 Stress-strain diagram of reinforcing steels - NBR 6118:2014. 

2.1.3 Combination of actions 

NBR 6118:2014 divides the ultimate combinations of actions (ELU) into the following categories: normal/special or 
construction combinations (Equation 5) and exceptional ultimate combinations (Equation 6), both shown below. 

𝐹𝐹𝑑𝑑 = γ𝑔𝑔𝐹𝐹𝑔𝑔𝑐𝑐 + γ𝜀𝜀𝑔𝑔𝐹𝐹𝜀𝜀𝑔𝑔𝑐𝑐 + γ𝑞𝑞�𝐹𝐹𝑞𝑞1𝑐𝑐 + ∑ψ0𝑗𝑗𝐹𝐹𝑞𝑞𝑗𝑗𝑐𝑐� + γ𝜀𝜀𝑞𝑞ψ0𝜀𝜀𝐹𝐹𝜀𝜀𝑞𝑞𝑐𝑐 (5) 

𝐹𝐹𝑑𝑑 = γ𝑔𝑔𝐹𝐹𝑔𝑔𝑐𝑐 + γ𝜀𝜀𝑔𝑔𝐹𝐹𝜀𝜀𝑔𝑔𝑐𝑐 + 𝐹𝐹𝑞𝑞1𝑒𝑒𝑒𝑒𝑐𝑐 + γ𝑞𝑞 ∑ψ0𝑗𝑗𝐹𝐹𝑞𝑞𝑗𝑗𝑐𝑐 + γ𝜀𝜀𝑞𝑞ψ0𝜀𝜀𝐹𝐹𝜀𝜀𝑞𝑞𝑐𝑐 (6) 

Where Fd is the design action for the ultimate combination; Fgk represents direct permanent actions; Fεk represents 
permanent indirect (Fεgk) and variable (Fεqk) actions, Fqk represents the direct variable actions of which Fq1k is considered 
the main one. 

The terms γg, γεg, γq, and γεq are the partial factors for actions. For normal combinations of general actions that are 
unfavorable to safety, a value of 1.4 is recommended. 
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The partial factors for minimizing direct or indirect variable actions, considered secondary, ψ0j and ψ0ε, are set at 
0.50 for variable loads on residential buildings, 0.70 for commercial buildings, and 0.60 for wind or temperature actions. 

2.1.4 Resistance reduction factors 

To determine the design strengths of concrete and steel, γc and γs factors are implemented to reduce the 
characteristic strengths (fcd=fck/ γc and fyd=fyk/ γs). Table 1 shows the values of these factors as recommended by NBR 
6118:2014. 

Table 1 Values of γc and γs (NBR 6118:2014) 

Combination Concrete (γc) Steel (γs) 

Normal 1.4 1.15 
Special or construction 1.2 1.15 

Rare 1.2 1.0 

2.1.5 Parameters for bending design 

A simplification in the design of bending cross-sections allowed by the Brazilian code uses a rectangular stress 
diagram instead of the idealized diagram in Figure 1. In this case, the stresses in the cross-section occur up to the depth 
y = λx, where: 

λ = 0.8 (𝑓𝑓𝑐𝑐𝑐𝑐 ≤ 50 MPa) (7) 

λ = 0.8 − (𝑓𝑓𝑐𝑐𝑐𝑐 − 50)/400 (𝑓𝑓𝑐𝑐𝑐𝑐 > 50 MPa) (8) 

The concrete stress for constant-width sections will be determined as σcd=αc fcd, where αc can be defined for this 
particular case as described in Equations 9 and 10. 

αc = 0.85 (𝑓𝑓𝑐𝑐𝑐𝑐 ≤ 50 MPa) (9) 

α𝑐𝑐 = 0.85[1.0 − (𝑓𝑓𝑐𝑐𝑐𝑐 − 50)/200] (𝑓𝑓𝑐𝑐𝑐𝑐 > 50 MPa) (10) 

The cross-sections are then designed for the stress equilibrium condition of strain distributions denoted by 2 and 3 
(ductile rupture condition), as shown in Figure 3. In this case, the code sets a limit on the relative height of the neutral 
axis (ξ = x/d) of 0.45 for elements with fck ≤ 50 MPa and 0.35 if fck > 50 MPa, for cross-sections without redistribution. 

 
Figure 3 Strain domains for cross-sections at the ULS (NBR 6118:2014). 

Also, as a way of avoiding the fragile rupture of cross-sections, item 17.3.5 of NBR 6118:2014 establishes that the 
reinforcement must be checked for a minimum moment equivalent to the rupture moment of a plain concrete cross-
section, respecting the absolute minimum steel ratio of 0.15%. This moment is converted into a minimum steel area 
according to Equation 11 (Araújo, 2014), calculated as a function of the mean tensile strength of the concrete (fctm). 
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𝐴𝐴𝑠𝑠,𝑚𝑚𝑚𝑚𝑚𝑚 = 0.26 𝑏𝑏ℎ𝑓𝑓𝑐𝑐𝑐𝑐𝑚𝑚/𝑓𝑓𝑦𝑦𝑑𝑑  ≥ 0.15%𝑏𝑏ℎ (11) 

The design equations for simple bending can be deduced from balancing forces and moments. Equations 12 and 13 
correspond to the formulas for calculating the dimensionless variables for moment and neutral axis position, 
respectively. 

μ = 𝑀𝑀𝑑𝑑
𝑏𝑏𝑑𝑑2σ𝑐𝑐𝑑𝑑

 (12) 

ξ = 1−�1−2μ
λ

 (13) 

Where Md is the design bending moment, b and h correspond to the width and height of the cross-section, and d is the 
effective depth. The limit values for the dimensionless bending moment (μlim) are calculated from the limit values of ξ 
(Equation 14). 

μ𝑙𝑙𝑚𝑚𝑚𝑚 = λξ𝑙𝑙𝑚𝑚𝑚𝑚(1 − 0.5λξ𝑙𝑙𝑚𝑚𝑚𝑚) (14) 

When μ ≤ μlim, the beam corresponds to a simply reinforced beam. Equation 15 provides the formula for determining 
the cross-sectional steel area for these cases. 

𝐴𝐴𝑠𝑠 = λξ𝑏𝑏𝑏𝑏 σ𝑐𝑐𝑑𝑑
𝑓𝑓𝑦𝑦𝑑𝑑

 (15) 

However, when μ > μlim, the beam must contain reinforcement placed in the compression region and is called a 
doubly reinforced beam. The calculations of the bottom and top reinforcement of the cross-section (As and As

' ) are shown 
in Equations 16 and 17 (Araújo, 2014), where σsd is the design steel stress and Md,lim is the limit design bending moment 
when μ = μlim. 

𝐴𝐴𝑠𝑠 = λξ𝑏𝑏𝑏𝑏 σ𝑐𝑐𝑑𝑑
𝑓𝑓𝑦𝑦𝑑𝑑

 (16) 

𝐴𝐴𝑠𝑠 = (𝐴𝐴𝑠𝑠′ σ𝑠𝑠𝑑𝑑′ + λξ𝑙𝑙𝑚𝑚𝑚𝑚𝑏𝑏𝑏𝑏σ𝑐𝑐𝑑𝑑) 𝑓𝑓𝑦𝑦𝑑𝑑⁄  (17) 

2.2 NBR 6118:2023 changes in the design of cross-sections 

Regarding the design of cross-sections in flexure, the update of NBR 6118:2023 brought just a few changes 
compared to the 2014 version. The changes are mainly concentrated in the concrete stress-strain diagrams, which now 
include the strength reduction factor (ηc) as a tool to prevent sudden failure in concretes with higher compressive 
strength. This coefficient applies to elements with a characteristic compressive strength greater than 40 MPa, as shown 
in Figure 4. 

 
Figure 4 Idealized stress-strain diagram according to NBR 6118:2023. 

In design, the use of the simplified rectangular diagram is still permitted. The information and equations presented 
in 2.1.5 remain valid, except for the value of the compressive stress, which is now calculated as σcd = αc ηc fcd. 
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3 MECHANICAL DESIGN MODEL 

3.1 Generalities 

The analyses carried out in this work make it necessary to implement a numerical computer model that represents 
the actual behavior of the elements to determine the ultimate strength capacity. For this purpose, the recommendations 
of the fib Model Code 2010 (2013) are applied, using the average strength parameters of the materials. 

Concrete behavior under uniaxial compression stresses in short-term load tests is represented by the diagram in 
Figure 5, whose stresses are determined using Equation 18. 

𝜎𝜎𝑐𝑐
𝑓𝑓𝑐𝑐𝑐𝑐

= −� 𝑐𝑐⋅𝜂𝜂−𝜂𝜂2

1+(𝑐𝑐−2)⋅𝜂𝜂
�  for  |𝜀𝜀𝑐𝑐| < �𝜀𝜀𝑐𝑐,𝑙𝑙𝑚𝑚𝑚𝑚� (18) 

Where: η = εc/εc1; 𝑘𝑘 is the plasticity number; εc1 is the strain at the point of maximum stress and Ec1 is the secant modulus 
between the origin and the peak stress. 

 
Figure 5 Stress-strain diagram for compressed concrete according to fib (2010). 

In addition, the model presented by fib allows the contribution of the concrete tensile regions (σct) to be considered 
when calculating the cross-section total strength. Figure 6 presents the stress-strain and stress-crack opening relations 
of concrete in tension. 

 
Figure 6 Representation of the stress-strain and stress-crack opening relations of concrete in tension (fib, 2010). 

The formulations for determining the stresses in the sections of the stress-strain diagram are given by Equations 19 
and 20. 

σ𝑐𝑐𝑐𝑐 = 𝐸𝐸𝑐𝑐𝑚𝑚 ⋅ 𝜀𝜀𝑐𝑐𝑐𝑐 , for 𝜎𝜎𝑐𝑐𝑐𝑐 ≤ 0,9 ⋅ 𝑓𝑓𝑐𝑐𝑐𝑐𝑚𝑚 (19) 

σ𝑐𝑐𝑐𝑐 = 𝑓𝑓𝑐𝑐𝑐𝑐𝑚𝑚 ⋅ �1 − 0.1 0.15‰−𝜀𝜀𝑐𝑐𝑐𝑐
0.15‰−0.9𝑓𝑓𝑐𝑐𝑐𝑐𝑐𝑐/𝐸𝐸𝑐𝑐𝑐𝑐

� , for 0.9𝑓𝑓𝑐𝑐𝑐𝑐𝑚𝑚 < σ𝑐𝑐𝑐𝑐 ≤ 𝑓𝑓𝑐𝑐𝑐𝑐𝑚𝑚 (20) 

Where εct is the tensile strain and Eci is the tangent modulus of elasticity of concrete. 
For the consideration of the stresses due to the crack opening process in the resistance model, the diagram on the 

right side of Figure 6 might be used. In this case, the stresses for each linear segment shown in the diagram can be 
calculated using Equations 21 and 22, as a function of the crack-opening (w) in millimeters. 
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σ𝑐𝑐𝑐𝑐 = 𝑓𝑓𝑐𝑐𝑐𝑐𝑚𝑚 ⋅ �1.0 − 0.8 𝑤𝑤
𝑤𝑤1
�  , for 𝑤𝑤 ≤ 𝑤𝑤1 (21) 

σ𝑐𝑐𝑐𝑐 = 𝑓𝑓𝑐𝑐𝑐𝑐𝑚𝑚 ⋅ �0.25 − 0.05 𝑤𝑤
𝑤𝑤1
� , for 𝑤𝑤1 < 𝑤𝑤 ≤ 𝑤𝑤𝑐𝑐 (22) 

Where GF is the fracture energy in N/mm. Thus, the stresses produced by the cracking process occur over a discontinuous 
region around the stabilized crack, with a total extension equal to 2ls,max. The ls,max length (Equation 23) is calculated as 
a function of the mean adhesion stress between the steel and concrete materials (τbms), the concrete cover (c), the 
diameter of the bars (φs), and the effective reinforcement ratio (ρs,ef). 

𝑙𝑙𝑠𝑠,𝑚𝑚𝑚𝑚𝑒𝑒 = 𝑘𝑘 ⋅ 𝑐𝑐 + 1
4
⋅ 𝑓𝑓𝑐𝑐𝑐𝑐𝑐𝑐
𝜏𝜏𝑏𝑏𝑐𝑐𝑏𝑏

⋅ 𝜑𝜑𝑏𝑏
𝜌𝜌𝑏𝑏,𝑒𝑒𝑒𝑒

 (23) 

That said, it becomes possible to establish a direct relationship between stresses and strains caused by the crack-
opening process (εwj) and the resulting stabilization process over this discontinuous region, where εwj=wj /�2ls,max�. 

On the other hand, the same ideal elastoplastic behavior shown in Figure 2 is assumed to calculate the steel stresses. 
The model is valid for both compressive and tensile stresses, where the maximum stress acting on the material is the 
yield stress (fy), up to the maximum stretching strain of the rebars equal to 50‰ (fib, 2010). 

The algorithm for the computational implementation of this model was then developed in the Python language 
through an iterative process that aims to find the actual neutral axis position (x) and implements Green's theorem to 
integrate the stress regions of any polygonal section, so the proportionality factor Δ can be minimized until the 
equilibrium condition of Equation 24 is satisfied. 

𝑓𝑓(𝑥𝑥,𝛥𝛥) = 𝛿𝛿𝑀𝑀𝑒𝑒 = 𝛥𝛥 ⋅ 𝑀𝑀𝑅𝑅𝑒𝑒 − 𝑀𝑀𝐴𝐴𝑒𝑒 (24) 

Therefore, by knowing the applied moment (MAx) in the cross-section and then integrating the stress regions shown 
above, the maximum bending resistant moment of the section (MRx) is finally determined. The dashed lines indicate the 
separation among stress integration regions in Figure 7. 

 
Figure 7 Concrete stress regions considered in the mechanical model. 

3.2 Numerical model validation 

The model was validated using a test database of 53 reinforced concrete beams with flexural failure, taken from the 
following references: Janney et al. (1956), Bresler and Scordelis (1963), Base and Read (1965), Kong and Rangan (1998), 
Garcia (2018), Prieto Rabade and Tanner (2008), Arezoumandi et al. (2015), Ning et al. (2015), Canaval (2016) and 
Kulkarni and Shah (1998). The ratios between the actual experimental moments and the calculated moments were 
determined to enable the application of the Kolmogorov-Smirnov (K-S) and the Chi-squared (χ2) adherence tests and the 
fitting of an appropriate statistical distribution. The K-S test evaluates the absolute maximum distance between the 
cumulative distribution function of the observed data and the theoretical distribution under analysis. On the other hand, 
the χ2 test assesses the probability of adherence between the frequencies shown in the data histogram and those from 
the fitted distribution. 
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As detailed in Machado (2024), the Gaussian (normal) distribution model showed the best indicators for the problem 
dataset, with sample mean μ = 1.01, standard deviation σ = 0.07, and coefficient of variation of the resistance model 
C.O.Vres = 0.07. The probability density function for the Gaussian distribution is shown in Figure 8. 

 
Figure 8 Data fitting to Gaussian (normal) distribution. 

To be discussed below, reliability analyses require the definition of the model's average coefficient of variation 
(C.O.Vm), as explained by Nowak and Szerszen (2003) and Ribeiro et al. (2021), which must take into account test 
uncertainties and inaccuracies (C.O.Vtest) and other resistance and geometry variabilities (C.O.Vspec) and can be estimated 
at approximately 4% each. The determination of C.O.Vm is given by Equation 25 and results in C.O.Vm = 0.041. 

𝐶𝐶𝐶𝐶𝑉𝑉𝑚𝑚 = �𝐶𝐶𝐶𝐶𝑉𝑉𝑟𝑟𝑒𝑒𝑠𝑠2 − 𝐶𝐶𝐶𝐶𝑉𝑉𝑐𝑐𝑒𝑒𝑠𝑠𝑐𝑐2 − 𝐶𝐶𝐶𝐶𝑉𝑉𝑠𝑠𝑠𝑠𝑒𝑒𝑐𝑐2 = √0.072 − 0.042 − 0.042 =  0.041 (25) 

4 STRUCTURAL RELIABILITY 

According to Melchers and Beck (2018), structural reliability is a tool to measure the degree of certainty of a system 
(or element) in meeting its specifications, operating conditions, and design lifespan concerning the intrinsic uncertainties 
caused by model simplifications, as well as by physical, mechanical and geometric property variations, external actions, 
human errors, among others. 

4.1 Performance function 

As discussed by Ang and Tang (2006), the problem of reliability in engineering systems essentially consists of a 
capacity (resistance) versus demand (loading) problem. In this way, it is important to define a performance function that 
characterizes the failure mode of the studied problem to allow the evaluation of the failure conditions. This performance 
function is generally described as in Equation 26, where X is the random variables vector (X = {X1, X2, X3,…}). 

𝑔𝑔(𝑋𝑋) = 𝑔𝑔(𝑋𝑋1,𝑋𝑋2,𝑋𝑋3, … ,𝑋𝑋𝑚𝑚) (26) 

The performance function can be particularized in structural reliability analyses according to the safety margin 
concept, represented in Equation 27 below. 

𝑔𝑔(𝑅𝑅, 𝑆𝑆) = 𝑅𝑅 − 𝑆𝑆 (27) 

In this equation, R consists of the resistance variable vector of the structural system, and S is the set of external 
actions that affect the structure. It is clear, therefore, that establishing the condition R-S > 0 with a certain safety margin 
is of interest since the complementary condition (R-S < 0) represents the status of structural failure. 

The probability of failure becomes one of the unknowns of interest in structural reliability analysis. In the case of 
normal and statistically independent random variables, the probability of failure (Pf) is directly related to the mean (μM, 
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Equation 29) and standard deviation (σM, Equation 30) of the safety margin M by a cumulative standard normal 
distribution function Φ as indicated in Equation 28. 

𝑃𝑃𝑓𝑓 = Φ�−μM σ𝑀𝑀� � = Φ(−𝛽𝛽) (28) 

μ𝑀𝑀 = μ𝑅𝑅 − μ𝑆𝑆 (29) 

σ𝑀𝑀 = �σ𝑅𝑅2 + σ𝑆𝑆2 (30) 

As shown in Equation 28, the probability of failure can then be defined by a 𝛽𝛽 parameter, known as the reliability 
index, which is extensively used in engineering problems to measure the safety level of a structure. 

4.2 The FORM and the reliability index 

According to Haldar and Mahadevan (2000), solving the probability of failure equation for problems in which the 
performance function is not simple is rarely feasible. Therefore, approximate methods with numerical or statistical 
approaches have been widely disseminated as a tool for determining the reliability index (𝛽𝛽), formally described as a safety 
assessment parameter that represents the distance between the average value of the safety margin and the point of failure. 

In this context, the First Order Reliability Method, FORM, is a numerical technique that simplifies calculation processes 
by approximating the performance function through a Taylor series expansion. The process allows the probability of failure 
of problems to be estimated, even for correlated input variables that may not present a normal distribution. 

This is done through a composite transformation, which transforms the original variables' vector Xi (from the 
physical space) into equivalent Zi correlated standardized normal variables and, finally, into the Yi non-correlated 
variables vector of to the standard normal space. To do this, it is necessary to modify the reliability index calculation so 
that the limit state equation can be solved from a specific design point. The variables vector Xi is now expressed as shown 
below (Equation 31), where the superscripted N refers to the equivalent normal distribution. 

𝑋𝑋𝑚𝑚 = μ𝑋𝑋𝑐𝑐
𝑁𝑁 + 𝑌𝑌𝑚𝑚σ𝑋𝑋𝑐𝑐

𝑁𝑁  (31) 

In standard normal space, the 𝛽𝛽 index will have the geometric meaning represented by Figure 9, corresponding to 
the minor geometric distance between the origin of the standard space and the failure surface at a “design point” (y*), 
as defined in Equation 32. 

β = �|𝒚𝒚∗|� = √𝑌𝑌∗𝑇𝑇𝑌𝑌∗ (32) 

 
Figure 9 Approximation process of the FORM and the reliability index (adapted from Lopes (2007)). 

This process is carried out iteratively so that minimizing the distance between the origin of the reduced space and 
the limit state function at a point yk+1 is achieved by applying some optimization algorithms, such as Hasofer-Lind and 
Rackwitz-Fiessler algorithm (HLRF) or improved Hasofer-Lind and Rackwitz-Fiessler algorithm (iHLRF). 
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5 RELIABILITY ANALYSIS OF CROSS-SECTIONS IN SIMPLE BENDING 

The cross-section of the analyzed beams will be rectangular, with a width b of 20 centimeters and a height h with 
dimensions of 40, 50, and 60 centimeters, as shown in Figure 10. The δ ratio (d'/d) will be constant at 0.10, so that the 
effective depths of the beams will be 36.2, 45.5, and 54.5 centimeters, respectively. As a standardization tool for 
comparative analyses, the beams were designed for specific values of dimensionless bending moment (μ), in the order 
of 0.15, 0.25, and 0.30, according to the design from NBR 6118:2014. Also, the simulations presented in the paper 
consider reinforced concrete elements composed of granite aggregate with characteristic compressive strength in five 
different configurations: 30, 40, 50, 70, and 90 MPa. 

 
Figure 10 Cross-sections considered in this study. 

Perfect elastoplastic behavior was assumed for CA-50 steel (fyk = 500 MPa) when checking the cross-sections using 
the strength capacity estimation model. In terms of reliability analysis, a maximum tolerance of 1 × 10-3 was established 
for numerical inaccuracies between iterative processes through the computer implementation of the FORM via the iHRLF 
algorithm. Table 2 summarizes the probabilistic models used for the random variables considered in the analyses, which 
are all statistically independent. The referred models are intended to represent the reality of structures built in Brazil, as 
detailed in the following references: Santos et al. (2014), Santiago (2018), Coelho (2011), JCSS (2001a), JCSS (2001b) 
Stewart (1996) and Stucchi et al. (2011). 

Table 2 Probabilistic models of the random variables 

Variable μx σx COV. Distribution 

Cross-section base (b - cm) 20 + 0.4 1.22 0.06 Gaussian 
Cross-section height (h - cm) 50 + 0.16 2.56 0.045 Gaussian 

Distance between bars G.C. and bottom of 
section (d' - cm) 

d' + 0.2 0.045 (d' + 0.2) 0.045 Gaussian 

Concrete compressive strength (fc)* (1.1 to 1.22) fck* (0.1 to 0.18) fck* 0.09 to 0.15* Gaussian 
Steel yield strength (fy) 1.22 fyk 0.05 fyk 0.04 Gaussian 
Permanent actions (g) gk 0.1 μx 0.10 Gaussian 

Variable actions (q) 0.93 qk 0.2 μx 0.20 Gumbel 
Resistance model uncertainties (𝜃𝜃𝑅𝑅) 1.01 0.041 μx 0.041 Gaussian 

Load model uncertainties (𝜃𝜃𝑆𝑆) 1.00 0.05 μx 0.05 L.N. 

* Variable parameters depending on the concrete strength class, according to Santiago (2018). 

The reliability index 𝛽𝛽 is calculated for a design point that satisfies the equilibrium condition of the limit state 
equation g(X) (Equation 33) in which 𝜃𝜃𝑅𝑅 and 𝜃𝜃𝑆𝑆 represent the uncertainties of resistance and load models. In this case, 
the applied moment (Ms) is composed of moments due to permanent and variable actions, MGk and MQk, respectively, 
shown in Equations 34 and 35, where χ is the ratio between variable and total loads on the element. 

𝑔𝑔(𝑋𝑋) = θ𝑅𝑅𝑀𝑀𝑅𝑅 − θ𝑆𝑆𝑀𝑀𝑆𝑆 = θ𝑅𝑅𝑀𝑀𝑅𝑅 − θ𝑆𝑆�𝑀𝑀𝐺𝐺𝑐𝑐 + 𝑀𝑀𝑄𝑄𝑐𝑐� (33) 
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𝑀𝑀𝐺𝐺𝑐𝑐 = 𝑀𝑀𝑑𝑑 �γ𝑔𝑔 + γ𝑞𝑞 ⋅ �χ/(1 − χ)��⁄  (34) 

𝑀𝑀𝑄𝑄𝑐𝑐 = 𝑀𝑀𝑑𝑑 [γ𝑞𝑞 + γ𝑔𝑔 ⋅ �(1 − χ)/χ�]⁄  (35) 

Sections 5.1 and 5.2 below present the individual design results and the variations in the reliability index as a 
function of different χ ratios, for 20 points between 0 and 0.5, of the elements designed by the 2014 and 2023 versions 
of NBR 6118, respectively. In both cases, the partial factors for permanent and variable actions (γg and γq) are equal to 
1.4, as well as the partial factors for concrete and reinforcing steel (γc and γs) are equal to 1.4 and 1.15. The design value 
of the modulus of elasticity of reinforcing steel (Es) is assumed 210 GPa. 

Next, Section 5.3 corresponds to a comparative evaluation of the obtained results. 

5.1 Brazilian code NBR 6118:2014 design 

This section presents the design and reliability results of the beams according to the criteria of NBR 6118:2014. 
Tables 3 to 5 show the bottom and top reinforcement steel areas (As and As') calculated for each cross-section, in cm2. 
Figures 11 to 13 correspond to the variation graphs of the reliability indices as a function of χ, for cross-section heights 
of 40, 50, and 60 centimeters. The minimum reinforcement conditions and the neutral axis's limit depth were checked 
to maintain the elements' ideal ductility conditions. In cases where doubly reinforced concrete beams were required, 
the minimum steel area was set to 2 φ 6.3 mm, equivalent to 0.62 cm2. Therefore, the design results of the three cross-
sections are presented below. Once dimensioned, it is possible to present the dataset from the reliability analyses plotted 
in the following figures. 

Table 3 Calculated reinforcement areas (As and As') for 40 centimeters height beams in accordance with NBR 6118:2014 

Strength Classes As As' As As' As As' 
μ = 0.15 μ = 0.25 μ = 0.3 

C30 4.95 - 8.88 - 11.08 0.62 
C40 6.61 - 11.84 - 14.78 0.62 
C50 8.26 - 14.81 - 18.47 0.62 
C70 10.40 - 18.28 1.74 21.84 5.70 
C90 11.89 - 20.68 3.24 24.75 7.86 

Table 4 Calculated reinforcement areas (As and As') for 50 centimeters height beams in accordance with NBR 6118:2014 

Strength Classes As As' As As' As As' 

μ = 0.15 μ = 0.25 μ = 0.3 

C30 6.23 - 11.17 - 13.93 0.62 
C40 8.30 - 14.89 - 18.57 0.62 
C50 10.38 - 18.61 - 23.21 0.62 
C70 13.08 - 22.97 2.12 27.41 6.95 
C90 14.94 - 25.97 3.95 31.05 9.58 

Table 5 Calculated reinforcement areas (As and As') for 60 centimeters height beams in accordance with NBR 6118:2014 

Strength Classes As As' As As' As As' 

μ = 0.15 μ = 0.25 μ = 0.3 

C30 7.46 - 13.37 - 16.68 0.62 
C40 9.94 - 17.83 - 22.24 0.62 
C50 12.43 - 22.29 - 27.80 0.62 
C70 15.66 - 27.51 2.56 32.85 8.41 
C90 17.90 - 31.12 4.78 37.21 11.59 
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Figure 11 β x χ curves for 40 centimeters height beams designed in accordance with NBR 6118:2014. 

 
Figure 12 β x χ curves for 50 centimeters height beams designed in accordance with NBR 6118:2014. 

 
Figure 13 β x χ curves for 60 centimeters height beams designed in accordance with NBR 6118:2014. 

The cross sections with different heights showed essentially the same behavior regarding the variation of the 
reliability index (𝛽𝛽) as a function of the ratio of variable loads on the structure. The highest values of 𝛽𝛽 occurred at 
approximately χ = 0.17. Therefore, reliability tends to decrease as the value of χ increases due to the rise in uncertainties 
associated with this type of action. 

It can also be seen that the variations resulting from the increase in stresses (variation of μ), between different fck 
values, influenced the reliability index values by a maximum of 3%. 

5.2 Brazilian code NBR 6118:2023 design 

As presented in the previous section, the design and reliability results are shown below, this time for the elements 
designed according to NBR 6118:2023. Based on the information highlighted in 2.2, differences should be noted for 
elements with fck > 40 MPa, where the new strength reduction factor ηc is applied. 

The elements were designed for the same values of characteristic moments, Mk, calculated by the 2014 version of 
the Brazilian code. Therefore, the original values of the dimensionless bending moments are only kept for identification 
and comparison purposes since the actual values of μ had to be updated. 

Tables 6 to 8 below summarize the design results for the beams with the proposed cross-sections. 
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Table 6 Calculated reinforcement areas (As and As') for 40 centimeters height beams in accordance with NBR 6118:2023 
Strength Classes As As' As As' As As' 

μ = 0.15 μ = 0.25 μ = 0.3 

C30 4.95 - 8.88 - 11.08 0.62 
C40 6.61 - 11.84 - 14.78 0.62 
C50 8.32 - 15.05 - 18.36 1.47 
C70 10.62 - 18.20 4.81 21.76 8.78 
C90 12.28 - 20.60 7.95 24.67 12.58 

Table 7 Calculated reinforcement areas (As and As') for 50 centimeters height beams in accordance with NBR 6118:2023 
Strength Classes As As' As As' As As' 

μ = 0.15 μ = 0.25 μ = 0.3 

C30 6.23 - 11.17 - 13.93 0.62 
C40 8.30 - 14.89 - 18.57 0.62 
C50 10.46 - 18.92 - 23.06 1.83 
C70 13.35 - 22.84 5.87 27.28 10.69 
C90 15.43 - 25.83 9.68 30.91 15.32 

Table 8 Calculated reinforcement areas (As and As') for 60 centimeters height beams in accordance with NBR 6118:2023 
Strength Classes As As' As As' As As' 

μ = 0.15 μ = 0.25 μ = 0.3 

C30 7.46 - 13.37 - 16.68 0.62 
C40 9.94 - 17.83 - 22.24 0.62 
C50 12.53 - 22.66 - 27.63 2.20 
C70 15.99 - 27.37 7.10 32.70 12.94 
C90 18.48 - 30.97 11.72 37.06 18.54 

Figures 14 to 16 show the reliability indices for beams with heights of 40, 50, and 60 centimeters, respectively, 
calculated using the FORM. 

 
Figure 14 β x χ curves for 40 centimeters height beams designed in accordance with NBR 6118:2023. 

 
Figure 15 β x χ curves for 50 centimeters height beams designed in accordance with NBR 6118:2023. 
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Figure 16 β x χ curves for 60 centimeters height beams designed in accordance with NBR 6118:2023. 

Once again, the reliability indices of the three cross-sections showed statistically equivalent results. Also noteworthy 
were the elements μ = 0.15, C90, which showed an isolated increase in reliability. In a direct comparison with the other 
elements in the fck = 90 MPa strength class, the case highlighted had the highest reliability indices for slightly lower 
neutral axis depth and was the only singly reinforced concrete cross-section of these. Furthermore, there were no 
significant variations in the directional cosines of the random variables for the elements under discussion. 

5.3 Comparative analysis 

This section is dedicated to comparing the design and reliability results obtained previously. As noted, the change 
in the height of the cross-sections did not influence the calculated reliability, so the conclusions drawn for one of the 
sections will also be valid for the others (the h = 40 cm beam will be used as a reference). In addition, the changes imposed 
by the update of NBR 6118:2023 will only apply to elements with fck greater than 40 MPa. Therefore, the graphs of 
Figures 17, 18, and 19 are shown, referring to elements with fck equal to 50, 70, and 90 MPa. 

 

Figure 17 Reliability indices for 40 centimeters height beams (C50) – comparison between versions of NBR 6118. 

 

Figure 18 Reliability indices for 40 centimeters height beams (C70) – comparison between versions of NBR 6118. 
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Figure 19 Reliability indices for 40 centimeters height beams (C90) – comparison between versions of NBR 6118. 

Firstly, it should be noted that the target recommended reliability index by the fib Model Code 2010 for buildings 
with moderate failure consequences over a 50-year period (𝛽𝛽 ≥ 3.80) was exceeded in all the cases simulated by both 
versions of the Brazilian code. 

In general, despite the changes introduced in the 2023 update of NBR 6118, only minor changes were observed in the 
reliability indices of beams subjected to simple bending. For C90, where the strength reduction factor has its lowest (most 
conservative) value, and for the reduced moment 0.15, where the height of the compressed zone of the concrete section is 
minimal, the assumptions of NBR 6118:2023 lead to a higher value of the reliability index. Table 9 below provides a 
comparative summary of design and reliability variations according to the two latest versions of the Brazilian code. 

Table 9 Summary of design and reliability variations for h = 40 cm cross-sections 

Cross-section As,total2023 /As,total2014 βmax,2023 /βmax,2014 

H40, μ = 0.15, C50 1.008 1.010 
H40, μ = 0.15, C70 1.021 1.026 
H40, μ = 0.15, C90 1.032 1.041 
H40, μ = 0.25, C50 1.017 1.019 
H40, μ = 0.25, C70 1.149 1.006 
H40, μ = 0.25, C90 1.193 1.003 
H40, μ = 0.30, C50 1.038 1.006 
H40, μ = 0.30, C70 1.109 1.005 
H40, μ = 0.30, C90 1.142 1.003 

As can be seen, there is a tendency for the reliability curves of the elements designed by the 2014 and 2023 versions 
of the Brazilian code to converge. Even though the steel areas calculated in accordance with the 2023 update exceed the 
results of the previous version of NBR 6118 by up to 19% (for the extreme cases), the 𝛽𝛽 values showed increments of 
4.1% or less, represented in Table 9 by the comparison between the maximum 𝛽𝛽 values of the series. 

6 CONCLUSION 

This study evaluated and compared the design and reliability results of reinforced concrete cross-sections under 
simple bending at the ultimate limit state, according to the recommendations of the 2014 and 2023 versions of the 
Brazilian code NBR 6118. The rectangular cross-sections were checked using a computational mechanical model to 
estimate the actual strength capacity of the elements. The model employed the recommendations of the fib Model Code 
2010 (2013) and was validated for a set of 52 flexure test results. The reliability analyses were carried out using the 
probabilistic models of the random variables shown in Table 2 through the application of the FORM, and the iHRLF 
algorithm for optimizing the design point approach. 

Throughout the analyses, it was noticed that there is a tendency for maximum reliability indices to occur at values 
of χ of approximately 0.17. After this point, there is a decrease in the 𝛽𝛽 index due to the increase in uncertainties 
associated with the variable loads. The results showed that there are no statistically significant differences between the 
reliability indices obtained for three different cross-sections (40, 50, and 60 centimeters high), as long as the 
dimensionless bending moments and the δ ratio (d'/d=0.10) are constant. 
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The reliability curves obtained for sections with different loadings and characteristic strengths showed very similar 
results, with variations of around 3%. This applies to elements designed according to both the 2014 and 2023 versions 
of NBR 6118. In all cases, the reliability indices have far exceeded the target values 𝛽𝛽 ≥ 3.80 recommended by the fib 
Model Code 2010 (2013) for buildings with moderate failure consequences over a 50-year reference period. 

As for the variations observed, it was possible to conclude that the addition of the strength reduction factor (ηc) 
increased the total steel areas of the cross-sections by up to 19% in sections with a fck above 40 MPa. However, a direct 
comparison between the two versions of the Brazilian code showed that the calculated reliability indices suffered a 
negligible increase, as only a single case presented an increase of 4.1%. Thus, at least for the simple bending cases 
covered by the study, the increases in steel consumption observed for the cross-sections dimensioned by NBR 6118:2023 
are not entirely justified from the perspective of structural reliability. 

Finally, based on the procedures and methodologies developed in this study, some suggestions for future work on 
this line of research can be listed: 

• Assess the reliability and impacts of the update of NBR 6118:2023 concerning reinforced concrete columns. 

• Based on the computational mechanical models presented, perform a calibration of the partial safety coefficients 
of NBR 6118 for a fixed target reliability index. 

• Conduct a more in-depth study on the variabilities related to geometric parameters of the sections, such as 
reinforcement covers, aiming for better representation concerning the reality of construction sites. 
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