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Abstract

Discontinuous Galerkin (DGM) method combines the advantages of stability of finite
volume method and the accuracy of continuous finite element method (FEM). Applications
of the DGM are particularly valuable where the solution presents high-gradients or discon-
tinuities, such as boundary layers and shock problems. A disadvantage of the DGM is the
higher computational cost when comparing to classic finite element method, due to the in-
creased number of degrees of freedom. With this motivation, in this paper we explore the
idea of combining continuous and discontinuous Galerkin formulations for the simulation of
convection-diffusion problems. The computational domain is decomposed into two parts.
In one region the solution is supposed to be smooth, and the traditional continuous finite
element method is applied. On the other hand, where steep gradients are expected, we use a
discontinuous Galerkin formulation. This paper presents numerical results for the combined
FEM/DGM method applied to convection-diffusion problems.

Keywords: finite element method, discontinuous Galerkin method, convection-diffusion,
boundary layers

1 Introduction

Problems of practical interest, in which convection plays an important role, arise in several ap-
plications like meteorology, gas dynamics, turbulent flows, modeling of shallow water, transport
of contaminant in porous media, viscoelastic flows and electro-magnetism among many others.
The solution of these problems, however, is far from trivial. The exact solution of (non linear)
purely convection problems may develop discontinuities such as shock waves. Also in the pres-
ence of diffusive terms, but when convection is dominant, the formation of boundary layers may
also happen. Thus, when constructing numerical methods for these problems, it is necessary to
ensure not only that the discontinuities of the solution are the physical ones, but also that the
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appearance of such discontinuities does not induce spurious oscillations that spoil the quality of
the approximation.

In the approximation of pure diffusion elliptic problems the finite element method (FEM)
is the most widely used method. However, for convection dominated hyperbolic problems the
FEM presents deficiencies. Originally, the discontinuous Galerkin method (DGM) formulations
were intended to solve such kind of hyperbolic conservation laws: to capture the discontinuities
that may occur in the solution, the use of discontinuous approximating functions seemed to be
appropriate. But recently, discontinuous Galerkin formulations have also been considered to
treat problems involving diffusion terms [1,6, 7, 15].

Like in the FEM, the DGM uses the Galerkin principle for interpolation spaces formed by
piecewise polynomials, but no restriction of continuity over the boundaries between neighbor
elements is imposed. The DGM can also be interpreted as a generalization of the finite volume
method for the particular case where the approximating functions are constant in the interior
of each element. In this sense, the expertise already developed for finite volume methods can be
applied for the DGM. The increasing interest in these kind of formulations are due to some in-
teresting features: they are locally conservative, the accuracy is obtained by means of high-order
polynomials within elements, without any regularity constraint at element interfaces. Further-
more, unstructured meshes and parallelization can be easily handled. The combination of these
properties leads to robust solvers with high precision in space and wide stability range.

A disadvantage of DGM is that it produces more degrees of freedom than the FEM. It means
that discontinuous Galerkin is more accurate and stable solving problems with discontinuities
but more costly than the continuous FEM. With this motivation, this work presents an imple-
mentation for an innovating numerical method FEM/DGM for convection-diffusion problems by
combining continuous and discontinuous Galerkin methodologies in the same simulation obtain-
ing the advantages of both methods. In regions where the solution is detected to be smooth,
continuous elements are employed, and in regions of high gradients or discontinuities, discontin-
uous elements are employed. This approach was employed by Clint Dawson [8] in 2002 for 1D
problems and by the authors [9–11] in 2005 for 2 dimensional problems.

The paper is organized as follows. In Section 2 we describe the different formulations of
interest for our applications. For convection-diffusion problems it is necessary to adopt a con-
sistent methodology for both hyperbolic and elliptic operators. For the elliptic operators, we
shall consider the weak formulation proposed by Baumann in [2] that can be interpreted as a
hybrid formulation where the Lagrange multiplier is replaced by the normal flux across interfaces
(section 2.1). For the convection operator, the weak formulation is described in section 2.2. In
Section 3 we give some details concerning the computational implementation of the algorithms
in the PZ environment (www.labmec.fec.unicamp.br/˜pz). In Section 4, numerical simulation
results are presented for two model problems in order to analyze the performance of the methods
considered in this work FEM, DGM and FEM/DGM . The first problem has a solution with
discontinuity inside the element and the other one refers to a problem with steep boundary layer.
Concluding remarks are presented in Section 5.
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2 Discontinuous Galerkin formulations

A linear convection-diffusion problem can be stated as follows: find u that satisfies

−∇ · (A∇u) + div(βu) = S in Ω
u = f in ΓD

(A∇u) · n = g in ΓN

(1)

where:
Ω is the domain with Lipschitz boundary ∂Ω;
A is the diffusion tensor
β is the convection vector;
n is the outward normal to ∂Ω;
S, f and g are known smooth functions;
ΓD is the part of the boundary with Dirichlet conditions;
ΓN is the part of the boundary with Neumann conditions;
ΓD

⋂
ΓN = ∅

and ΓD
⋃

ΓN = ∂Ω.

The weak formulation of problem (1) will be constructed in two parts: the weak formulation
for the elliptic operator −∇ · (A∇u) followed by the weak formulation for the convection term
div(βu).

The following functional spaces are defined:

Partition of the domain

Let Ph = Ωe be a partition of Ω, Ω =
nel⋃
e=1

Ωe, where Ωe
⋂

Ωf = ∅ for e �= f and nel is the

number of elements of Ph. In other words, the elements are defined with open boundaries with
no intersection between elements. For elements Ωe and Ωf with common boundary it is defined
nf = ne if e > f , where ne is the outward normal of ∂Ωe.

Approximation Space

Let the space

V (Ph) = H1(Ph) =
{
v εL2(Ω) : v|Ωe ∈ H1(Ωe)∀Ωe ε Ph

}
The notation ΓPh

= ΓD ∪ ΓN ∪ Γint is employed, where ΓD and ΓN are the boundaries
with Dirichlet and Neumann conditions and Γint the set of interfaces between elements. The
operators [ ] and <> are defined as:

• [ϑ] = ϑ|∂Ωe
⋂

Γef
− ϑ|∂Ωf

⋂
Γef

, e > f
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• < ϑ >= 1
2

(
ϑ|∂Ωe

⋂
Γef

+ ϑ|∂Ωf
⋂

Γef

)
where Γef relates to the common boundary of elements Ωe and Ωf .

2.1 Elliptic problem

The elliptic problem can be stated as: find u that satisfies

−∇ · (A∇u) = S in Ω
u = f in ΓD

(A∇u) · n = g in ΓN

(2)

where Ω, A, n, S, f , g, ΓD are ΓN the same defined in the problem 1.
The weak formulation proposed by Baumann in [2] can be interpreted as a hybrid formulation

where the Lagrange multiplier p is replaced by the normal flux across interfaces p = (A∇u) · n.
The weak formulation is state: find u ∈ V (Ph) that satisfies

BH(u, v) = FH(v)∀v ∈ V (Ph) (3)

BH(u, v) =
Nelem∑

e=1

(
∫

Ωe

∇v · (A∇u)dx) +
∫

ΓD

(u (A∇v) · n − v (A∇u) · n)ds +

∫
Γint

(〈(A∇v) · n〉 [u] − 〈(A∇u) · n〉 [v])ds

LH(v) =
Nelem∑

e=1

(
∫

Ωe

vSdx) +
∫

ΓD

f (A∇v) · nds +
∫

ΓN

vgds.

2.2 Linear hyperbolic problem

The liner hyperbolic problem can be stated as follow: find u that satisfies

div(βu) = S in Ω
u = f in Γ

(4)

where Ω, S and f are defined in problem 1. β is the convection vector, Γ = {x ∈ ∂Ω | (β · n)(x) < 0}
and Γ+ = ∂Ω\Γ .

A weak formulation of the problem 4 may be constructed by multiplying a test function
v ∈ V (Ph), integrating over the domain Ω and integrating by parts:∫

Ω
−(∇v � β)u dΩ +

∫
∂Ω

(βuv) � n ds =
∫

Ω
S v dΩ,
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or replacing the integral over Ω by the sum of integrals over the elements Ωe ∈ Ph

nel∑
e=1

{∫
Ωe

−(∇v � β)u dΩ +
∫

∂Ωe

(βuv) � n ds

}
=

nel∑
e=1

{∫
Ωe

S v dΩ
}

. (5)

The convection term over the boundary ∂Ω is replaced by an upwind numerical flux FN ≈∫
∂Ω(βuv) � n ds (see [14]). The numerical flux is defined as

F e
N =

∫
Γe

+

v u−(β � ne) ds +
∫

Γe

v f (β � ne) ds

where Γe = {x ∈ ∂Ωe | (β · n)(x) < 0} and Γe
+ = ∂Ωe\Γe and

u− = lim
α→0+

u(x − α(β.−→n ).−→n ), x ∈ Γe

Figure 1 illustrates the meaning of u−:

Figure 1: Illustration of u− and u+

The weak form is stated as follow: find u ∈ V (Ph) that satisfies

BC(u, v) = LC(v) ∀v ∈ V (Ph) (6)

BC(u, v) =
nel∑
e=1

{∫
Ωe

−(∇v � β)u dΩ +
∫

Γe
+

v u−(β � ne) ds

}

LC(v) =
nel∑
e=1

{∫
Ωe

S v dΩ −
∫

Γe

v f (β � ne) ds

}
.
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2.3 Convection diffusion problem

Combining the weak forms for elliptic and convection operators developed in the previous sec-
tions, the weak form of the convection-diffusion problem may be stated as: find u ∈ V (Ph) that
satisfies

BDG(u, v) = LDG(v)∀v ∈ H1(Ph) (7)

with

BDG(u, v) = BC(u, v) + BH(u, v)

LDG(v) = LC(v) + LH(v)

B∗ and L∗ are the bilinear and linear forms defined previously, where:

• BC is the bilinear form associated with the convection operator

• BH is the bilinear form associated with the elliptic operator

• and L∗ are their respective linear forms.

Artificial diffusion - SUPG

It is well known that FEM method is unstable when applied to convection dominated problems.
Several stabilized versions of the FEM have been proposed by means of the introduction of some
artificial diffusion or stabilization term [3, 13]. Calle [4, 5] and Santos [17] have also applied an
artificial diffusion on the DGM method to reduce the oscillations produced by discontinuities
captured in the interior of the element. In the present work a SUPG - Streamline Upwind Petrov-
Galerkin, also called SD - Streamline Diffusion shall be used to stabilize the FEM and to prevent
oscillations in the interior of discontinuous elements. It is important to remark that the SUPG
is not an artificial dissipation, since the weak formulation with SUPG is still equivalent to the
strong problem. The simulation gains stability but remains equivalent to the strong problem.

Considering that the objective of this work is to study convection dominated problems, the
SUPG is added only to the convection operator. The absence of SUPG in the elliptic operator
modifies the problem and the weak formulation is no longer equivalent to the strong problem.
However, since the diffusion contribution in convection dominated problems is small, the error
of this simplification might not be significant. In numerical examples it is shown the gain of
stability of the FEM with SUPG. But convergence rates are influenced by the non consistency
of the actual implementation.

The SUPG terms added to equation (7) are:
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BSUPG(u, v) =
nel∑
e=1

δh

2 ||β||
∫

Ωe

(∇u.β) (∇v.β) dΩe, (8)

LSUPG(v) =
nel∑
e=1

δh

2 ||β||
∫

Ωe

S ∇v.β dΩe,

where δh is the size of the element Ωe.
Adding the equation (8) to the original weak formulation (equation 7), the DGM formulation

for convection-diffusion problems with SUPG is obtained:

BDG(u, v) + BSUPG(u, v) = LDG(v)∀v ∈ H1(Ph) (9)

3 Computational implementation

The algorithms of the present applications are implemented in the PZ environment 1. PZ
is an environment for developing finite element techniques for one, two and tridimensional
boundary value problems. It has been designed using the object oriented philosophy and allows
the insertion of new formulations with reduced additional effort. For instance, all hp adaptive
functionalities previously implemented in the PZ environment could be re-used for the combined
continuous-discontinuous algorithm. In the sequence, we give some important aspects required
for the computational implementation of the algorithms.

3.1 Geometry and interpolation spaces

In the PZ environment, a strong separation is made between the approximation of the geometry
and the approximation of the function space. The topology description is made by geometric
elements (TPZGeoEl) associated to a geometric mesh. The geometric elements are responsible
for keeping track of the neighboring information and for the mapping from master element to
the real element in the classical FEM. The geometric elements also detect the occurrence of
hanging-nodes in the FEM mesh.

The interpolation space is implemented by computational elements. Computational elements
are objects of classes derived from the abstract class TPZCompEl (Figure 2). The continuous
finite element function spaces are implemented by the class TPZInterpolatedElement and the
discontinuous Galerkin function spaces are implemented by classes TPZCompElDisc and TPZ-
InterfaceElement. The inheritage chain guarantees that the functionalities implemented for the
FEM in PZ are available for the DGM.

Figure 3 illustrates a geometric and computational meshes. The approach adopted in this
work in combining continuous and discontinuous elements in the same simulation was made

1(www.labmec.fec.unicamp.br/˜pz)

Latin American Journal of Solids and Structures 4 (2007)



236 Philippe R. B. Devloo, Tiago Forti and Sonia M. Gomes

 

Figure 2: Computational elements

simple by the use of a consistent class interface. In some regions the problem is treated with
continuous elements, and other regions with discontinuous elements. In the boundary between
these two regions interface elements are applied, which will implement the boundary terms of
the discontinuous Galerkin operator. Interface elements are necessary between discontinuous
elements and between one discontinuous and one continuous element.

 

Figure 3: Geometric and computational meshes

The computational elements are responsible for computing the integral terms of the weak
formulations. For instance, consider the elliptic DGM formulation of this work (eq. 3). The
class TPZCompElDisc is responsible for the integration over the discontinuous element Ωe and
the class TPZInterfaceElement is responsible for computing the integral over interfaces Γint, ΓD

e ΓN . In the FEM the element TPZInterpolatedElement is the only responsible for computing
the terms of the classical weak form.

The computational elements compute the integral terms using a numerical integration rule.
Consider a general integral term defined as the integral of an operator A applied to shape
functions ϕi e ϕj over the element domain γe:
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∫
γe

A (ϕi, ϕj) =
np−1∑
p=0

A (ϕi(xp), ϕj(xp)) wp

where xp denotes the integration point of index p and wp is its correspondent weight. The
computational element constructs the integration rule and performs the loop over the np points
computing the shape functions ϕi e ϕj and their derivatives. However the computational element
does not compute the operation A. That operator is implemented by a class derived from
the abstract class TPZMaterial (section 3.2). That separation allows the same computational
element to perform different formulations. Examples of formulations implemented in the PZ are
scalar convection-diffusion problems (treated in this work), elasticity (beams, plates and solids),
Euler’s equation, etc, and is illustrated in figure 4.

This work contributes to the PZ enviromnet by allowing the use of interface elements between
continuous and discontinuous elements. The discontinuous element constructs its shape func-
tions in the real element and the continuous element constructs the shape functions in master
element. A modification has been made in the class TPZInterfaceElement to allow the inclu-
sion of interface between continuous and discontinuous elements. An interface integration point
is then mapped to the coordinate in the master element of the continuous neighbor element.
Then the continuous element compute its shape functions and derivatives and the interface may
perform the integral contribution.

3.2 Material classes

In the PZ environment a weak formulation is implemented by a class derived from the abstract
class TPZMaterial. The class TPZMaterial defines the interfaces that a derived class must
implement. Important functions are Contribute and ContributeBC. The function Contribute
computes the contribution to the stiffness matrix and load vector of the element in a given
integration point. The function ContributeBC computes the contribution to the stiffness matrix
and load vector of an element of type boundary condition at an integration point.

The class TPZDiscontinuousGalerkin is derived from the class TPZMaterial. The purpose
of the class TPZDiscontinuousGalerkin is to define the necessary interfaces for the DGM. The
function ContributeInterface and ContributeBCInterface with the already defined (in base class
TPZMaterial) Contribute are the most important functions. The function ContributeInterface
and ContributeBCInterface are responsible for computing the contribution to the stiffness matrix
and load vector of an interface element (and interface in boundary condition) at an integration
point.

Figure 4 illustrates some material classes implemented in PZ. The class TPZMatPoisson3d
which implements a scalar convection-diffusion formulation is the class used in this work.
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Figure 4: Some material classes in PZ

4 Numerical examples

For an efficiency comparison of the different formulations FEM, DGM and DGM/FEM, we shall
consider two model problems.

4.1 Convection diffusion problem

Consider the problem:

−∇ · (A∇u) + div(βu) = 0 in (−1, 1)2

β = {1, 1}T , A = 1.e − 6

augmented with Dirichlet boundary condition with values showed in figure 5. The solution of
this problem has a discontinuities in the interior of the domain.

 

Figure 5: Problem boundary conditions

Analyzing figures 6, 7, 8 and 9, some aspects are remarkable. First of all, the discontinuous
Galerkin method is stable for this problem. The use of SUPG improves the stability and the
quality of the solution. It is also important to observe that the oscillations present in the interior
of the element do not propagate to the neighbor elements, which is an advantage of the DGM
when comparing to FEM. The quality of the FEM solution is increased with the use of SUPG.
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Figure 6: Solutions with h uniform refinement - p = 2 (Discontinuous Galerkin method)

  

Figure 7: Solutions with h uniform refinement - p = 2 (Discontinuous Galerkin method with
SUPG)

  

Figure 8: Solutions with h uniform refinement - p = 2 (Continuous finite element method)
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Figure 9: Solutions with h uniform refinement - p = 2 (Continuous finite element method with
SUPG)

4.2 Boundary layer problem

Consider the boundary layer problem treated in Houston, Schwab and Sli [12]. The differential
problem is

−∇ · (A∇u) + div(βu) = S em Ω = (0, 1)2

S = 2 +
(1 − x)2 − (1 − x) − (1 − y) + (1 − y)2

A (1 − e−1/A) e(1−x) (1−y)/A
− x − y

A = 0.01, β = {1, 1}T

with Dirichlet boundary condition

u|ΓD
=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 for x = 1
0 for y = 1

− (−1 + ey/A + y − e1/Ay
) (−1 + e1/A

)−1
for x = 0

− (−1 + ex/A) + x − e1/Ax
) (−1 + e1/A

)−1
for y = 0

The analytical solution is given by

u(x, y) = x + y (1 − x) + (e−1/A − e−(1−x) (1−y)/A) (1 − e−1/A)−1

which is shown in figure 10. For this example the solutions of DGM and FEM are compared. It
is also proposed to use both elements in the same simulation. In the vicinity of the boundary
layer discontinuous elements are adopted in order to have a stable solution. And in the region
the solution is smooth continuous elements are employed. The mesh illustrated in figure 10 is
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Figure 10: Exact solution of the boundary layer problem (left) and reference mesh (right)

  

Figure 11: Continuous finite element solution with SUPG (left) and without SUPG (right) -
p = 2, 16 elements - 81 equations

  

Figure 12: Discontinuous Galerkin solution with SUPG (left) and without SUPG (right) - p = 2,
16 elements - 144 equations
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Figure 13: Combined continuous-discontinuous solution with SUPG (left) and without SUPG
(right)- p = 2, 16 elements - 133 equations

used. From this first mesh, uniform refinements are performed to construct the other simulation
meshes. Results are shown in figures 11, 12 and 13.

In the simulations where the SUPG term is employed the convergence rates are close to 1.0
for the three cases (FEM, DG, FEM/DGM). That convergence rate is small comparing to the
rates obtained without SUPG. It may be occurred because the SUPG term was applied only
in the convection operator. The SUPG stabilizes the solution but the weak formulation is not
equivalent to the strong problem reducing the convergence rate of the simulation.

Figures 14, 15, 16, 17, 18 and 19 present the convergence rates for h refinement without the
use of SUPG. The convergence rates lead to the expected values.

 

Figure 14: h convergence rates - L2 norm - FEM without SUPG

Latin American Journal of Solids and Structures 4 (2007)



A combined finite element method for convection-diffusion problems 243

 

Figure 15: h convergence rates - H1 semi-norm - FEM without SUPG

 

Figure 16: h convergence rates - L2 norm - DGM without SUPG
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Figure 17: h convergence rates - H1 semi-norm - DGM without SUPG

 

Figure 18: h convergence rates - L2 norm - Combined FEM/DGM without SUPG

The results indicate that the convergence rates are going to the analytical rates given in [2]
and [16]. The continuous finite element method must achieve a p + 1 convergence rate in L2
norm and a p rate in H1 semi-norm.

The discontinuous Galerkin method (it is shown results with the Baumann formulation)
must achieve a p convergence rate for even p (sub-optimal rate) and p+1 for odd p in L2 norm.
In H1 semi-norm it must converge in p order.

The combined FEM/DGM presents the same convergence rates of the DGM. However the
rates of the combined simulation are slightly better than the rates of the purely DGM simulation.
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Figure 19: h convergence rates - H1 semi-norm - Combined FEM /DGM without SUPG

5 Conclusions

The discontinuous Galerkin method DGM is suitable for convection-diffusion problems. In the
presented tests the method did not require artificial diffusion SUPG which is necessary in the
continuous finite element method FEM. In the FEM the oscillations propagates in a great region
of the domain. In the DGM, the oscillations are present only in the region of the discontinuity
and do not propagate to the rest of the domain. When alining the interface of elements with
the discontinuity no oscillation is observed with DGM.

However, one disadvantage of DGM is its higher computational cost. To overcome this
drawback, it was adopted the FEM/DGM strategy: discontinuous elements in regions of high
gradients and continuous elements in smoothness regions of the solution. With such approach,
the stability advantage of the DGM is obtained with reduced number of degrees of freedom by
means the use of continuous elements where stability is not a concern. The combined method
FEM/DGM also showed to be consistent.

The implementation of the FEM/DGM method opens the path to the development of adap-
tive continuous/discontinous approximations, where strong gradients or shocks can be deter-
mined a-posteriori.
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